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Abstract

When popular statistical tools such as the t-test are taught, the
narrative is one in which the data are sampled randomly from some
population. Real studies employing random sampling are, however,
much rarer than the ubiquity of these tools would suggest, and students
may wonder what justifies their use in the absence of random sampling
or even of a clear notion of what the population might be. Reassur-
ingly, some of these tools can be understood in an altogether more
common setting: experiments in which units are randomly assigned to
conditions. This perspective clarifies why familiar procedures such as
the t-test tend to perform reasonably well in randomised experiments,
but also underscores a difference in the scope of inference afforded
by random sampling versus random assignment. Furthermore, this
perspective foregrounds flexible randomisation-based methods, whose
validity follows from the study design and which, as I will suggest,
represent a natural starting point for teaching statistical inference to
non-mathematicians.
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1 Introduction

Much of statistical practice and teaching is built on the assumption that
the data are sampled randomly from some population—witness the om-
nipresent bell curves illustrating the workings of the central limit theorem
in introductions to statistics or the widespread use of t-tests and the like
in research papers. But research projects in which the units! are randomly
sampled are few and far between. Far more common are studies in which
the units, however obtained, are assigned randomly to conditions (e.g., in
between-subjects experiments) or to sequences (e.g., in within-subjects ex-
periments using counterbalancing). If my own experience, both as a student
and as a lecturer, is anything to go by, this disconnect is mightily confusing:
what justifies the use of inferential machinery that was introduced as a way
to learn about properties of populations on the basis of random samples
in the absence of such random samples—and more often than not in the
absence of a clear notion of what exactly the populations might be?

Students may feel some unease about this disconnect, though it may be
tempered by the continued more or less successful application of statistical
methods derived from sampling theory. My first goal is to explain why such
methods perform reasonably well in practice. To this end, I will contrast
two approaches to statistical inference: one in which techniques are derived
from sampling theory, which I will call the population model, and one in
which techniques are derived from what is known about how the units were
assigned to experimental conditions, which I will call the randomisation
model. We will see that random assignment justifies a form of statistical
inference even in the absence of random sampling and that, moreover, there
are reassuring connections between techniques rooted in the population
model and ones derived from the randomisation model. While the ideas
that I will present are all “well known” (as mathematicians like to say), they
do not seem to be part and parcel of the way statistics is typically taught
and discussed in fields such as psychology and applied linguistics. My
hope is this discussion may help readers be clearer-eyed about the scope of
and justification for inferences that can be drawn in the absence of random
sampling.

Along the way, we will encounter some less commonly used inferential
procedures, in particular randomisation testing. My second goal is to outline

1n psychology, the units are typically the study’s participants. But units could also be
schools, words, or anything else that the researchers want to make claims about.
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Table 1: Summary statistics for the fictitious experiment. The variances are
sample variances, i.e., using Bessel’s correction.

Condition n Mean Variance

Without alcohol 4 5.00 0.193
With alcohol 5 5.82 0.502

a few reasons why it makes sense to adopt this technique when teaching
statistical inference to non-mathematicians.

2 Two models of statistical inference

Two models of statistical inference can be distinguished: the population
model and the randomisation model. In both, the notion of chance or
randomness plays a crucial role: on the one hand, randomness prevents us
from drawing conclusions about the data with absolute certainty; on the
other hand, we can make assumptions about the randomness in the data in
order to glean some probabilistic insights from the data. But whereas in the
population model, this randomness is thought of as the result of random
sampling, the randomisation model assumes that it has been induced by
random assignment.

To introduce some notation and a few basic concepts, we will examine how
the same randomised experiment can be analysed under each model. For
ease of exposition, the experiment is a fictitious one, but I will turn to a
real-life example in a later section.

The fictitious setting is this. We want to test the idea that moderate alcohol
intake increases verbal fluency in a second language (L2). To that end,
we recruit nine students (L1 German, L2 English) and randomly assign
them such that four participate in the control condition and five in the
experimental condition. Nine participants is obviously a low number, but it
keeps things tractable. Participants in the experimental condition drink one
pint of ordinary beer; those in the control condition drink one pint of alcohol-
free beer. Afterwards, they watch a video clip and relate what happens
in it in their L2. Verbal fluency is operationalised as the average number
of syllables uttered per second during the first minute of the description.
Figure 1 shows the results; Table 1 the summary statistics that we will need
in what follows.
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Figure 1: Individual results of a fictitious randomised experiment.

2.1 The population model

In the population model, the observations in Figure 1 are treated as having
been obtained through random sampling. For Student’s t-test for inde-
pendent samples, for instance, the observations in the ‘without alcohol’
and ‘with alcohol” conditions are treated as simple random samples from
populations Py and Pq, respectively. Inference is achieved by assuming that
population Py follows a Normal distribution with mean i and variance o2
and population P; a Normal distribution with mean p1 = o + 6 and the
same variance ¢2. If these assumptions are well-founded, Student’s ¢-test
provides an exact test for the null hypothesis that 6 = ¢ for some specified
number &y, where typically 6o = 0.2

In practice, these assumptions may be relaxed by appealing to the large-
sample behaviour of sample means (e.g., Lindeberg’s central limit theorem) or

2Let the random variable P denote the p-value that the test results in. A test is said to
be exact if, under the null hypothesis, P(P < a) < a for all a € (0, 1); it is not necessary
for equality (i.e., P(P < a) = a) to hold. An exact test may conservative, meaning that
P(P < a) tends to be appreciably less than o under the null hypothesis. Tests may also
be approximate, meaning that P(P < a) = « under the null hypothesis. Such approximate
equality is usually demonstrated by investigating how the test behaves as the amount of data
increases asymptotically.



On the justification of statistical tools in randomised experiments 5

using procedures with different or less restrictive assumptions (e.g., Welch’s
t-test or bootstrapping). The details are not too important; what matters here
is that statistical inference in the population model is motivated by treating
the observations or the error terms as having been sampled randomly from
populations and that it concerns properties of these populations.?

It is easy to set up computer simulations in which the data are sampled from
some population. But at the coalface, most research, like in our example,
is done with volunteers or students scraping together credits. And even
if there is some population that these participants can be considered to
be a sample from, their recruitment did not involve any mathematically
well-defined sampling procedure. In such settings, the population model,
while often practically useful, is a fiction.

2.2 The randomisation model

The population model of statistical inference contrasts with the randomi-
sation model. In the population model, the randomness in the results is
assumed to be caused by random sampling; in the randomisation model,
it is assumed to be caused by randomly assigning the units in the study
to different conditions. Whereas random sampling is exceedingly rare in
the social sciences, random assignment is quite common. And if random
assignment was used, the randomisation model results in valid hypothesis
tests that do not make any unverifiable distributional assumptions.

In our example, m = 9 units are randomly assigned to two conditions in
such a way that k = 4 are assigned to the first and ¢ = 5 are assigned to the
second. Under the randomisation model, for each uniti =1, ..., m, there
exist two potential outcomes y;(0) and y;(1), only one of which is observed:

¢ either y;(0) if the unit was assigned to the first condition;
e or y;(1) if the unit was assigned to the second condition.

These potential outcomes are treated as fixed, though possibly unknown,
quantities—not as random variables having some distribution. Table 2 shows
the observed potential outcomes in our fictitious experiment.

What is random is which of the two quantities we end up observing.

3The populations do not have be interpreted literally. Sometimes, they are better under-
stood as hypothetical ‘superpopulations’ of possible observations. Regardless of whether the
populations are real or merely conceptual, the techniques used to draw conclusions about
them are derived from the assumption that the observations constitute random samples.



On the justification of statistical tools in randomised experiments 6

Table 2: The observed potential outcomes in the fictitious experiment.

-~

Name yi(0)  yi(1)

1 Daniel 5.2
2 Lukas 5.1
3 Maria 4.8
4  Michael 4.5
5 Nadja 5.6
6 Nicole 5.8
7 Sandra 7.0
8 Thomas 5.6
9 Yves 5.5

Specifically, let B; be the random variable that indicates which condition the
i-th unit is assigned to. Then the observed outcome for the i-th participant is

y,‘(O) if Bi = 0,

Yi = yi(Bi) = {yi(l) if B; = 1.

Crucially, the researchers control the randomisation, so they know what the
distribution of the assignment vector B = (By,...,By,) is. In the present
example, the assignment vector was picked uniformly at random from the
set of vectors with length k + ¢ = m containing exactly k zeroes and ¢ ones.
Formally,

B ~ Uniform(8Bx ¢),

where
k+¢

Bi:=1{be {0, 1} Y b =1},
i=1
If a different randomisation scheme was applied (e.g., simple randomisation
or blocked randomisation), the distribution of B will be different, too.

In the randomisation model, it is these or similar assumptions that motivate
inferential procedures. Unlike assumptions about population distributions,
these assumptions are typically known to be correct as the researchers
themselves implemented the randomisation. The next section discusses how
statistical inference is achieved in the randomisation model.
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Table 3: The potential outcomes in the fictitious experiment under the
sharp null hypothesis.

~.

Name yi(0) yi(1)

Daniel 5.2 5.2
Lukas 5.1 5.1
Maria 4.8 4.8
Michael 4.5 45
Nadja 5.6 5.6
Nicole 5.8 5.8
Sandra 7.0 7.0
Thomas 5.6 5.6
Yves 55 5.5

O OO Ul kWD -

3 Randomisation-based inference

Statistical inference in the randomisation model has a long pedigree with
two of the founding fathers of statistical, R. A. Fisher and J. S. Neyman,
making vital contributions. Perhaps unsurprisingly given the legendary
acrimony between them, both statisticians went about solving the inferential
puzzle in rather different ways.

3.1 Fisher’s sharp null hypothesis

Fisher’s approach starts by formulating the so-called sharp null hypothe-
sis that there is no differential treatment effect whatsoever (Fisher 1937).
Formally,

Hor : yi(1) = yi(0) fori =1,...,m.

Under this null, the values for y;(0) and y;(1) can immediately be recon-
structed from the observed outcomes: y;(0) = yi(1) = Y; fori =1,...,m; see
Table 3.

An exact p-value testing Hor can now be computed as follows.

1. Decide on a test statistic T(y, b).

2. Compute the test statistic for the data at hand: Tops := T(Y, B).

3. For a left-sided p-value, compute the probability that T(Y, B) < Typs,
where B is independently drawn from the distribution of B. This can be
computed exactly by going through all the possible assignment vectors
b and counting how often T(Y, b) < Typs. For a right-sided p-value,
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instead compute the probability that T(Y, B) > Tops. A two-sided
p-value can be computed as twice the smaller of the left-sided and the
right-sided p-value.

The resulting p-value is valid regardless of the test statistic chosen in the
first step (see appendix). Ding (2024) and Hand (2026) discuss a handful of
the countless possibilities for useful test statistics.* One natural choice for
our present example is to use the mean difference, defined as

tvp = §(1) — 7(0),
where {(j) represents the mean observed outcome among the units with
Bi=j,j=0,1
Another natural alternative is to use the studentised mean difference. This
is defined as . .
=50

W

5 S0 | S
V.=
ke
In this latter formula, §2( j) is the usual sample variance of the observed
outcomes among the units with B; = j,j = 0,1. This definition of the

studentised mean difference coincides with the test statistic used in Welch’s
t-test.

4

where

Figure 2 shows how both of these test statistics are distributed under the
sharp null hypothesis based on all 126 possible assignment vectors. Of the
126 assignment vectors, five resulted in a mean difference of at least 0.82
(i.e., about 4%) and three in a studentised mean difference at least as large as
the one actually observed (i.e., about 2.4%). Consequently, the right-sided
p-values are 0.040 and 0.024 for the mean difference and studentised mean
difference, respectively. R code for reproducing these is available from
https:/ /github.com/janhove/justification.

The procedure outlined above is known as randomisation testing. Two major
advantages of randomisation testing for researchers are (1) that it is flexible
in the sense that it provides exact significance tests for any test statistic and
(2) that its validity is derived solely from the study’s design. I will argue in

4But, of course, trying out different test statistics until you find one that yields p < 0.05 is
an excellent way of invalidating the procedure.
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Figure 2: The distributions of the mean difference and of the studentised
mean difference in the fictitious experiment under the sharp null hypothesis.
The dashed vertical line highlights the test statistic for the data that were
actually observed.

Section 7 that, moreover, that randomisation testing provides an attractive
starting point for teaching statistical inference to students in fields making
extensive use of randomised experiments.

That said, an important drawback to randomisation testing concerns the con-
struction of confidence sets. In principle, confidence sets can be constructed
as follows. First, define the sharp null hypothesis of a constant shift 6:

ng(é) : yi(l) = yi(O) +ofori=1,...,m.

Under this null, too, all potential outcomes can be reconstructed from the
observed ones, and hence, Hor(80) can be tested for any 69 by means of a
randomisation test. Thanks to the duality of confidence sets and significance
tests, a (1 — a)% confidence set for 6 can now be constructed as the set of all
0 for which the randomisation test of Hor(60) results in a p-value no larger
than a, for a € (0, 1).

One problem with this approach is that the data may be incompatible with
any constant shift, resulting in an empty confidence set. Neyman’s approach
offers a more attractive solution in this respect.
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3.2 Neyman’s weak null hypothesis

A rather different approach rooted in the randomisation model was devel-
oped by Sptawa-Neyman (1990, originally published in Polish in 1923). We
define the mean potential outcomes (both the observed and unobserved
ones) as

I B o
gG) = D i)
i=1
for j = 0, 1. The parameter that Neyman wished to estimate is
7 := (1) - 7(0),

which is also commonly referred to as the sample average treatment effect
(SATE) in the causal inference literature. An unbiased estimator of 7 is

T := §(1) - 9(0),

but what else can be deduced about the distribution of this estimator under
the random assignment scheme?

Neyman was able to show that the variance of Tis conservatively estimated

by ‘7, which we defined in the previous section. He further showed that,
under mild regularity conditions, the quantity

T—1
+/Var(7)

has a standard Normal distribution at asymptote; see Ding (2024, Theorem
4.2). What this means is that, other things equal, the distribution of the
quantity T under random assignment resembles a standard Normal dis-
tribution ever more closely for ever larger k, {. Combining both facts, an
asymptotically conservative two-sided (1 — a)% confidence interval for t
may be constructed as

T :=

[:L'\ + Za/2 \/5],
where z,; is the @/2 quantile of the standard Normal, for a € (0, 1).

The duality of confidence intervals and significance tests further allows us
to define an asymptotically conservative test for what is called the weak
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(Neymanian) null hypothesis:
H()N 1 =0.

The weak null hypothesis does not assume that the individual potential
outcomes are identical in both conditions, but that, whatever the differences
between these potential outcomes are, they cancel out on average. This null
hypothesis is weak in the sense that the veracity of the sharp (Fisherian) null
hypothesis implies the veracity of the weak (Neymanian) one, but not vice
versa.

The asymptotically conservative test involves computing T and comparing it
against a standard Normal distribution. In our present example, we obtain
T=082,T =213, yielding the two-sided 95% confidence interval for 7
of [0.06,1.58] and the right-sided p-value for the weak null hypothesis of
p = 0.017.

Compared to randomisation tests of the sharp null, the Neymanian approach
offers little flexibility in terms of the choice of the test statistic.” Further,
we are only given asymptotic guarantees. With small sample sizes, the
asymptotics may not yet have kicked in sufficiently for the results to be
taken at face value. However, the average treatment effect among the units
represented (i.e., 7) arguably represents a more sensible target of inference
than the purported constant treatment effect 6 that randomisation test-based
confidence sets would be concerned with.

4 A real-life example

4.1 Data

Our running example is unrealistically small, so let us see how three different
methods stack up in a real-life example. The data for this example stem
from a replication of Oppenheimer & Monin (2009) by Klein et al. (2014):
participants were randomly assigned to one of two conditions. In one
condition, they were asked to imagine that they walk into a casino and see a
man rolling three dice, all of which come up 6; in the other condition, they
were asked to imagine that only two out of the three dice came up 6. They
then estimated how many times the man had been rolling the three dice
before they showed up. Klein et al. (2014) replicated this and several other

SHowever, it is possible to account for covariates in the Neymanian approach, too; see Lin
(2013).
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Figure 3: The raw outcomes in the Brasilia sample in Klein et al.’s replication.
The y-axis is square-root transformed, but the values analysed are not.

Table 4: Summary statistics the gambler’s fallacy replication (raw data). The
variances are sample variances, i.e., using Bessel’s correction.

Condition n Mean Variance

Two sixes 51 8.14 199
Three sixes 63 22.21 5052

studies in several convenience samples. The data analysed in this example
are those from their Brasilia sample.

While Oppenheimer & Monin (2009) analysed the raw estimates and did not
exclude any outliers, Klein et al. (2014) square-root transformed the data
and excluded responses farther than three standard deviations from the
mean. In the analyses below, I consider both the raw and the square-root
transformed data; I did not exclude outlying values, however.

4.2 Raw data

Figure 3 shows the distribution of the particpants’ raw estimates. The y-axis
is square-root-transformed, but the data analysed are not. The extreme skew
in the data is evident even with the square-root-transformed y-axis. Table 4
shows the summary statistics.
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Welch's t-test is often recommended as the default choice for comparing the
means of two independent samples (Delacre, Lakens & Leys 2017; Ruxton
2006). When we apply this technique rooted in random sampling theory to
the Brasilia data, we obtain #(68) = 1.5, for a right-sided p-value of 0.065 and
a two-sided 95% confidence interval for the mean difference of [—4.2, 32.4].

For the randomisation test, we use the studentised mean difference as the
test statistic, which coincides with the test statistic used in Welch’s t-test.
Two remarks are in order first, however.

First, Klein et al.’s replication seems to have used simple (Bernoulli) ran-
domisation rather than complete randomisation. To account for this, we
could use the set {0,1}°1%3 as the source of the assignment vectors instead
of the set 851 63. However, it is easily shown that an exact test for fixed group
sizes remains exact when treating random group sizes as fixed [Lydersen,
Fagerland & Laake (2009), p. 1165; also see the appendix], so I will follow
this approach.

Second, the set Bs; 63 contains about 8- 1032 assignment vectors, which is too
many for exhaustive randomisation testing. Instead, we sample M = 19999
assignment vectors independently and uniformly at random from Bs; 3 and
add to this sample the assignment vector actually obtained in the experiment.
A valid right-sided p-value can then be computed as

_ #assignment vectors yielding T(Y,b) > Typs
Pr= M+1 ’

see the appendix.

Figure 4 shows the resulting randomisation distribution of the studentised
mean difference; it looks anything but bell-shaped. The right-sided p-value
is 0.083.

The asymptotic Neyman confidence interval for T was derived assuming
complete randomisation, but can also be shown to be correct asymptotically
for experiments using simple randomisation. The 95% confidence interval it
yields is [-3.9, 32.0], with a right-sided p-value of 0.062.

4.3 Transformed data

Let us now turn to the square-root transformed data, the summary statistics
for which are shown in Table 5. Welch’s approach yields ¢(98.5) = 2.01, for a
right-sided p-value of 0.024 and a 95% confidence interval of [0.01,2.05]. A
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Figure 4: The randomisation distribution for the studentised mean differ-
ence in the gambler’s fallacy replication study (raw data). The dashed vertical
line highlights the test statistic for the data that were actually observed.

Table 5: Summary statistics the gambler’s fallacy replication (square-root
transformed data). The variances are sample variances, i.e., using Bessel’s
correction.

Condition n Mean Variance

Two sixes 51 217 3.5
Three sixes 63 3.20 12.2

randomisation test with M = 19999 using the studentised mean difference
yields a right-sided p-value of 0.026; the randomisation distribution shown
in Figure 5 looks considerably less wonky than the one for the raw data.
Finally, Neyman'’s approach yields a right-sided p-value of 0.022 and a 95%
confidence interval of [0.03,2.03].

4.4 Discussion
4.4.1 Similarities between the approaches

Despite the differences in the null hypotheses being tested—equality of
population means in the Welch t-tests, the sharp null hypothesis in the
randomisation tests, and the weak null hypothesis in the Neyman approach—
the inferential results are rather similar across the three methods. This
is especially the case for the square-root transformed data, for which the
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Figure 5: The randomisation distribution for the studentised mean dif-
ference in the gambler’s fallacy replication study (square-root transformed
data). The dashed vertical line highlights the test statistic for the data that
were actually observed.

randomisation distribution (Figure 5) already hints at connections between
randomisation testing and approaches appealing to Normal distributions
(i.e., the Welch and Neyman approaches). For the raw data, the differences
between these techniques are more pronounced, and the randomisation
distribution (Figure 4) is correspondingly more wonky.

4.4.2 Transformations change some hypotheses

It is, however, worth thinking about what the square-root transformation
does and does not change. In the Welch approach, inference now concerns
the difference between the means of the square-root transformed populations
from which the data were putatively randomly sampled and not, say, the
difference between the square roots of the means from these population.
Similarly, in the Neyman approach, inference now concerns the quantity

=45 - o)

m
i=1

rather than

1
T=—
m £

1

(yi(1) = yi(0)) .
=
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The quantity 7 is neither directly related to 7 nor to, say, the sum of the
square-roots between the individual potential outcomes. In particular, T = 0
does not imply T = 0, nor vice versa. Researchers, then, need to be aware
that such transformations change the hypotheses being tested in the Welch
and Neyman approaches.

In contrast, when using randomisation testing, the transformation merely
amounts to a change in the test statistic being used; it does not change the
sharp null hypothesis being tested. Itis this change in test statistic that results
in a difference between the p-values obtained for the raw and transformed
data, not a change in the hypothesis being tested. The randomisation test
itself is valid regardless of the test statistic used. This underscores the
flexibility of hypothesis testing: researchers may freely choose the test
statistic that they anticipate would put difference between the conditions in
boldest relief.

5 Connections between the different approaches

The example in the previous section hints at a few important connections
between the different approaches covered, despite differences in their deriva-
tion.

First, Welch'’s t-test, which is derived from a random sampling perspective,
and Neyman'’s approach, which is derived from a random assignment frame-
work, use the same test statistic, namely the studentised mean difference

§(1) - 9(0)
52000 |, S2(1
VE2 2

In the Neyman approach, the standard Normal distribution is used as a
conservative limiting distribution of this test statistic in the sense that the test
statistic is Normally distributed asymptotically, but with a variance that is at
most 1. In the Welch approach, sampling theory yields a t-distribution with
v < k + ¢ —2 degrees of freedom as the approximate law of this statistic. The
t(v) distribution is more heavy-tailed than the standard Normal, with the
difference becoming smaller for larger v. As a result, despite the difference
in derivation between these two techniques, the numerical results will differ
only slightly between them, with the p-values obtained with the Welch test
being somewhat larger and the confidence intervals somewhat wider than
those obtained with the Neyman approach. The Welch t-test can, then, be
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considered a more conservative version of Neyman’s method, which is itself
asymptotically conservative.

Second, Ding (2017) showed that a randomisation test using the studentised
mean difference as the test statistic is an asymptotically conservative test
of the weak null Hyy as well as being an exact test of the sharp null Hor
(also see Ding & Dasgupta 2017). Importantly, however, this first property
relies on the studentisation and does not hold for every test statistic. Ding
(2024:sec. 8.1) sketches the intuition behind the need for studentisation for
this property to hold.

Conversely, the sharp null hypothesis implies the weak one. By contraposi-
tion, a willingness to reject the weak null logically implies a willingness to
reject the sharp null.® Thus, in practice, the Neyman test of the weak null
(and hence also the Welch test) also tests the sharp null, and in sufficiently
large samples, the randomisation test of the sharp null serves as a test of
the weak null, provided it uses the studentised mean difference as the test
statistic.

A third connection between the population and randomisation models is
provided by permutation testing (Ernst 2004). Mechanically, permutation
tests and randomisation tests are identical. In both cases, the statistician
computes a test statistic for the observed data and compares it to the values
obtained by recomputing the statistic after repeatedly reallocating treatment
labels. Conceptually, however, the two procedures derive their validity from
different assumptions. In the randomisation model, validity follows from
knowledge of the assignment mechanism and the potential outcomes frame-
work. In the population model, validity is justified by the exchangeability of
the observations under the null hypothesis. Thus, the same computational
procedure receives two different theoretical justifications. Writing about
now-popular techniques such as the t- and F-tests, Fisher (1936) remarked
that

the statistician does not carry out this very simple and very
tedious process [i.e., permutation testing, JV], but his conclusions
have no justification beyond the fact that they agree with those
which could have been arrived at by this elementary method. (p.
59)

From this perspective, these popular techniques are mathematically conve-

6As Ding (2017) demonstrated, however, this does not mean that a significant Neyman
test implies that the corresponding randomisation test will be significant.
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nient approximations to procedures that, historically, were computationally
prohibitive.

In consequence, while it is arguably confusing to be taught sampling-based
techniques and then asked to apply these in the absence of sampling, the
connections between these two fields of application are considerable. These
connections are reassuring and explain why reanalysing randomised experi-
ments using randomisation-based techniques will often yield conclusions
similar to those obtained using familiar textbook methods. The connections,
however, may also be opaque to both students and researchers. At least from
a pedagogical perspective, therefore, it may make sense to make more explicit
the logic of statistical inference in the context of randomised experiments.

6 The scope of inference

In spite of the connections between the population and the randomisation
models, it is sensible to keep them mentally separate as they differ in what
they allow us to infer.

Under the population model, conclusions are drawn about populations on
the basis of samples. If students are often taught statistical methods in
this framework and later encounter the same methods in the analysis of
randomised experiments, they could be forgiven for believing that these
methods afford statistical generalisation to whatever population the units
may be considered to have been sampled from.

The randomisation model makes clear, however, that this is not the case, as it
only references the units included in the experiment. In the absence of some
well-defined sampling scheme, the only units about which purely statistical
conclusions can be drawn are the ones in the experiment. This is true both in
the Fisherian and the Neymanian framework. From this perspective, the fact
that procedures derived from the population model often perform similarly
to ones derived from the randomisation model is a mathematical nicety that
may muddle conceptual clarity.

This, of course, does not mean that generalisations beyond the units in the
experiment is impossible. But such generalisations are to be derived from
logical and substantive arguments rather than from purely statistical ones.
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7 Pedagogical excursion

Berger et al. (2002), among others, have argued that randomisation tests
should be the tool of choice for analysing randomised experiments. I
am sympathetic to their arguments, but the point I want to make here is
that randomisation tests could be more valuable still in teaching statistical
inference (also see Tintle et al. 2012 for some empirical evidence). I see a
few reasons for this.

First, randomisation tests clearly connect a key aspect of the research design
(i.e., random assignment) with the analysis. In doing so, they underscore
that restrictions to the randomisation, as in cluster-randomised experiments
or blocked designs, should be taken into account in the analysis.

Second, they are entirely mechanical and make no reference to mathematical
idealisations such as Normal or ¢-distributions. Their mechanical nature also
makes it straightforward to visualise how they work: for small examples,
lecturers can iterate through all assignment vectors and illustrate how the
randomisation distribution of the test statistic of choice comes about.

Third, they do not rely on unverifiable assumptions about, say, the normality
of the parent distributions or whether the samples are large enough for the
central limit theorem to have kicked in sufficiently.

Fourth, the proofs of the classical central limit theorem and the Gosset-Fisher
theorem, which concerns the validity of ¢-testing under random sampling
from a Normal distribution, rely on advanced mathematical concepts that
students and researchers outside of mathematical fields are unlikely to be
familiar with; the proofs of the more general Lindeberg central limit theorem
or of the validity of, say, bootstrapping are more demanding still. By contrast,
the proof of the validity of exhaustive randomisation testing relies on much
more elementary arguments, and two other properties that I relied on in
the real-life example are only slightly more involved. I provide these three
proofs in the appendix; I think that, with some guidance from the instructors,
they are accessible to students in non-mathematical fields.

What is pedagogically useful about proving a result is not merely that it
establishes correctness. Proofs make explicit which assumptions the result
relies on and which features are unimportant. For instance, the proof of
the validity of randomisation testing does not depend on the distribution
of the data or on whether the group sizes are balanced. Further, students
do not have to accept these results on authority nor do they have to rely
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solely on examples and simulations that necessarily are limited to particular
cases. Moreover, such proofs also make it clear what they are not about—in
the present case, inference to a larger population than the units under
investigation, for instance.

None of this implies that asymptotic results such as the central limit theorem
or procedures such as Welch'’s t-test should not be taught in one way or
another. But randomisation testing arguably provides a more natural starting
introduction to statistical inference in the context of randomised experiments
than do these sampling-based procedures.

8 Conclusion

Sampling-based techniques are commonly used to analyse randomised
experiments despite the absence of any well-defined sampling scheme.
The fact that these techniques tend to work reasonably well even under
these circumstances can be understood by their connections to purely
randomisation-based techniques. Distinguishing between the randomisation
and population models also helps us being clearer-eyed about the scope of
inference: random assignment justifies statistical conclusions about the units
represented in the experiment, whereas broader generalisations require
substantive rather than purely statistical arguments.
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9 Appendix: Some proofs

The first and most central proof shows that exhaustive randomisation testing
is exact for any test statistic. The most complex stochastic argument it relies
on is that

P(A or B) = P(A) + P(B) — P(A and B),

which instructors can justify by drawing a Venn diagram.

Theorem 9.1 (Exactness of randomisation testing). Under the sharp null
hypothesis, exhaustive randomisation testing results in a p-value P such that
P(P <a)<aforeacha € (0,1).

Proof. Assume there are M possible assignment vectors b, with each having
probability 1/M of being selected. Under the sharp null hypothesis, we can
compute the test statistic T(Y, b) for each assignment vector b. Sort these
test statistics in descending order, breaking ties randomly if necessary:

t1 2t =22ty 2 tMm.

After this sorting, the right-sided p-value that the i-th randomisation would
have resulted in (call it p;) can be seen to be atleasti/M,i=1,..., M. (Itis
possible that p; > i/M if t; 1 = t;.)

For any a € (0,1), now compute « := [aM]. (|| rounds down the number
to the nearest integer.) We were equally likely to have generated each of the
M possible assignment vectors. Hence, the probability that we generated an
assignment vector resulting in a right-sided p-value P, no larger than « is

# assignments with p; < «
M
- # assignments with i/M < a
- M
# assignments with i < «
B M

P(P, <a) =

x
M
a.

<

(The inequality on the second line follows from p; > i/M; the equality on
the third line follows from the definition of «.)
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To demonstrate validity for left-sided p-values, sort the test statistics in
ascending order and proceed analogously.

Finally, let P; and P, denote the left- and right-sided p-values, respectively,
and define the two-sided p-value as

P :=2-min{Py, P,}.
Then, for all a € (0,1),

P(P < a) =P(Q2-min{Py, P,} < a)
=P(P; <aj2o0r P, < a/2)
=P(P; <a/2)+P(P, <a/2)-P(Py <a/2and P, < a/2)
<P(P; < a/2) + P(P, < a/2)
<a/2+a/2

= .

(The inequality on the penultimate line follows from what we have al-
ready proved for Py and P,.) Hence, the two-sided p-value obtained by
randomisation testing is exact. O

The second proof shows that conditioning on observed random quantities
preserves exactness. This justifies using the randomisation test for fixed
group sizes k, { when the group sizes are random quantities K, L, e.g., as
when using simple randomisation or when the total size of the experiment
was not fixed in advance. The most complex stochastic argument used is the
law of total probability, which can be illustrated using a tree diagram.

Theorem 9.2 (Conditioning preserves exactness). Suppose that a test is exact
regardless of which value a random quantity C takes. That is, under the null
hypothesis,

PP<aifC=c)<a

for any possible value c of C and every a € (0, 1). Then the test is also exact when
C is ignored, that is,
PP<a)<a

for every a € (0, 1).

Proof. Let C be the set of the possible values of C. By the law of total
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probability, we have

P(P < a) :ZP(P <aif C=c)P(C =c)
ceC

<a

<a Z]P(C =0).
ceC
—_——
=1

O

Exhaustive randomisation testing is infeasible for larger experiments, but
Monte Carlo randomisation testing is also exact. The proof is a bit more
complicated, relying as it does on the notion of exchangeability.

Theorem 9.3 (Exactness of Monte Carlo randomisation testing). Suppose that
the sharp null hypothesis holds. Let B be the distribution from which the assignment
vector was drawn. Generate M assignment vectors by independent draws from B.
Add to this selection the assignment vector used in the experiment. Then

R
P, = —
T M+1

where R is the number of assignment vectors resulting in test statistic at least as
large as the one observed in the experiment, is an exact right-sided p-value.

Similarly,

L

S M+

where L is the number of assignment vectors resulting in test statistic at most as

large as the one observed in the experiment, is an exact left-sided p-value, and
P =2-min{Py, P,} is an exact two-sided p-value.

Py

Proof. Compute the test statistic T(Y, b) for each of the M + 1 assignment
vectors b and sort them in descending order, breaking ties randomly when
necessary:

th>2tr > 2ty 2 tMmt1.

Since the M +1 assignment vectors were drawn independently from 8, these
test statistics are exchangeable. In particular, the test statistic generated by
the assignment vector actually used in the experiment occurs with equal
probability in each of the M + 1 positions. Hence, letting R be the rank of
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the observed test statistic in this ordering, we have P(E =r)=1/(M +1) for
eachr=1,..., M+1.

For every a € (0,1), write ¥ = | (M + 1)a]. Further note that R<R. (E <R
may occur if the test statistic actually obtained is identical to another one.)
For the right-sided p-value P,, we now obtain

<
M+1_a)

=P(R < (M +1)a)
=P(R < x)
<P(R <x)

MESao:P(

(If R is as least as large as R, then the probability that R is no larger than «
must be at most as large as the probability that R is no larger than «.)

Sort the test statistics in ascending order for the left-sided p-value, and refer
to the proof of Theorem 9.1 for the two-sided p-value. m]
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