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Abstract

The sliced Wasserstein distance is a fairly recently developed metric between probability distri-
butions. In this Master’s thesis, I investigate how it can be used in conjunction with Gaussian
process regression to solve regression problems in which the inputs are represented by prob-
ability distributions. After spelling out the theoretical foundations (Wasserstein and sliced
Wasserstein distances, positive-definite kernels, and Gaussian process regression), I present a
toy example that demonstrates that a workflow incorporating sliced Wasserstein distances can
capitalise on distributional differences in the inputs that remain invisible to methods relying
solely on marginal distributions and bivariate correlations. I then analyse how global affine
transformations of the input distributions affect sliced Wasserstein distances and the kernels
derived from them. In particular, I show that different whitening procedures produce the
same sliced Wasserstein distances. Asymptotic analyses reveal that extremely anisotropic
transformations can lead to degenerate kernel matrices, but that hyperparameter tuning can
offset this degeneracy. Simulations and a real-data example corroborate these findings and
further suggest that kernels based on Wasserstein distances along the cardinal axes can match or
even outperform sliced Wasserstein distances, when the relevant differences among the input

distributions are approximately aligned with the coordinate axes.
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Chapter 1

Introduction

This thesis is about methods for quantifying the similarity and dissimilarity between probability
distributions and about how these methods can be used to solve prediction problems in statistics
and machine learning. While my focus is on regression problems, much of what I will discuss is

relevant in classification settings, too.

1.1 Motivation and goal

The most widely used tools for solving classification and regression problems in statistics and
machine learning are vector methods. In these methods, the input data are represented as
feature vectors xq,...,x, € R?, and the goal is to learn a function f : R? = R such that the
outputs y1,...,¥» € R are well approximated by f(xi),i = 1,...,n. Several important data
types, however, are not naturally expressed as Euclidean vectors. For instance, molecules,
social networks, and syntactic structures are more naturally expressed as graphs, whereas a
text containing m words may be expressed as an m x d matrix, the i-th row of which is a vector

containing information about the i-th word in the text.

If analysts want to nonetheless apply vector methods when dealing with such objects, they
commonly resort to summarising the information contained in these objects numerically and
combine these quantities into a feature vector. In the field of graph-based pattern recognition,
for instance, vector representations of input graphs may be obtained by computing topological
indices (e.g., the sum of the lengths of the shortest paths between all node pairs) or representations
based on an eigendecomposition of the adjacency matrices (see Riesen, 2025, Chapter 5 for a
concise overview of these techniques). In analyses of text corpora, individual texts could be
represented using summaries such as the proportion of nouns that they contain or the mean
frequency with which the words contained in them occur in a reference corpus.

While convenient, such summaries inevitably discard some of the information contained in
the original objects. A text represented by the mean word frequency of its constituent words
loses all information about the distribution of word frequencies within the text; two texts with
identical mean word frequencies but entirely different distributional shapes will be treated
as indistinguishable. More generally, summarising an m X d matrix by a fixed-length feature
vector requires selecting a particular set of summary statistics, and there is no guarantee that
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2 CHAPTER 1. INTRODUCTION

the statistics chosen capture the aspects of the distribution most relevant to the downstream
prediction task.

An enticing alternative is to represent the input objects as probability distributionsﬂ An example
in the field of graph-based pattern recognition is provided by Carpintero Perez et al| (2024,
2025). Without getting into the weeds of graph representations, which we will not need in what
follows, these authors encode the input graphs as empirical distributions over multivariate
node embeddings. They then express the degree of dissimilarity between these input graphs
using a metric on the space of (square-integrable) probability distributions, namely the sliced
Wasserstein distance. This distance is subsequently put through a kernel and fed to a Gaussian
process regression model, allowing predictions for test data to be generated. (The terms “sliced
Wasserstein distance’, ‘kernel” and ‘Gaussian process regression’ will be defined precisely in the
next chapters.)

Motivated by Carpintero Perez et al.’s approach, the present thesis studies the usefulness of
combining sliced Wasserstein distances with Gaussian process regression for regression problems
in which the inputs are represented as probability distributions. More specifically, this thesis is
built around two questions:

1. Can examples be identified in which the combination of sliced Wasserstein distances
and Gaussian process regression substantially outperforms natural alternative
approaches even outside of the graph domain covered by |Carpintero Perez et al.
(2024}, 2025)?

2. Rescaling a single dimension can drastically alter pairwise sliced Wasserstein
distances, making them scale-sensitive in a way that many vector-based methods
are not. How should analysts preprocess distributions to address this sensitivity,
and can predictive accuracy be improved by deliberately rescaling informative
dimensions?

The first question addresses whether there is a use case for the sliced Wasserstein-Gaussian
processes workflow outside of the graph domain. (I was somewhat skeptical at the outset.) The
second leads to what are, to my knowledge, my main theoretical contributions as well as to a
handful of practical consequences.

1.2 OQutline and contributions

Chapter 2| introduces Wasserstein and sliced Wasserstein distances as measures of dissimilarity
between probability distributions. It reviews their key theoretical properties and discusses
computational aspects. Chapter 3| then presents the framework of Gaussian process regression
and shows how Wasserstein and sliced Wasserstein distances can be used in this framework.
Since this is achieved by building kernels based on the computed distances, this chapter also
introduces the notion of a kernel function. Together, Chapters[2|and [3|lay the methodological
foundation for the analyses that follow.

IThis approach is sometimes referred to as distribution regression (e.g., [Poczos et al}2013), though the same term is
also used when the outcomes rather than the inputs are distributions (e.g., Klein, 2024).
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In Chapter[d] a specially constructed example is used to demonstrate that kernels based on sliced
Wasserstein distances can detect distributional differences that remain invisible to conventional
vector-based methods as well as to kernels that are based only on marginal distributions. This
chapter answers the first question outlined above in the affirmative.

When going beyond such toy examples, though, analysts seeking to use sliced Wasserstein
distances to solve real-life regression problems need to deal with a number of practical questions.
One such question is whether and how the input distributions should be preprocessed before
submitting them to the distance computations. Chapter 5] therefore analyses how global affine
transformations, such as rescaling and whitening, affect sliced Wasserstein distances and the
kernels derived from them. To my knowledge, mine is the first such treatment. The theoretical
results are illustrated by means of simulations. A real-data example further demonstrates how
global affine transformations affect the downstream prediction task. Chapter [5suggests that
rescaling informative dimensions can improve predictive accuracy up to a point. It also proves
that sliced Wasserstein distances are invariant to certain preprocessing decisions such as the

precise whitening technique that is used.

Chapter [6|concludes by summarising the main findings and suggesting avenues for future work
that may make for interesting Master’s thesis topics.

1.3 Notation and conventions

The space of probability distributions on R?,d > 1, is denoted P (IR?). For p € [1,00), P,(R?)

represents the set of probability distributions on R? with finite p-th moment. That is,

P (RY) i {y e PRY: [ Ixlfan(x) < oo},
where
1
T / !
lxllp = (21, xa) lp = (ZIxi”)
i=1
is the p-norm on R?. The 2-norm on R? corresponds to the usual Euclidean norm and may be

written as || - ||, dropping the subscript 2.

For probability distributions u € P(RF),v € P(RY),k,£ > 1, we denote by I'(i,v) the set of
couplings of ¢ and v. These are the probability distributions on R¥ x R! that have y and v as
their marginals. That is, I'(y, v) is defined as

{7 € P(RF X RY): 9(A x RY) = p(4), y(R¥ x B) = v(B) forall A € B(R), B € B(R)},

where B(IR™) is the Borel o-algebra on R™. Since the product measure y ® v belongs to I'(y, v),
the set I'(,v) is not empty. If X ~ 1, Y ~ v, then (X,Y) ~ u ® v means that X and Y are
(stochastically) independent.

The Dirac measure that places all probability mass on x € R? is denoted J.

The unit sphere in R is
§i=1.={0: 6], =1} c R".
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The uniform distribution on $9~1 is denoted as ¢.

For a measurable map f : R¥ — R’ k,¢ > 1, we denote as f : P(RF) — P(R’) the push-
forward operator associated with f. For u € P(RF), fsu is a probability distribution on R
characterised by

far(A) = p(f71(A))

for any measurable set A C R’. Here,

FYA) =[x eRF: f(x) € AL

For u € RY, we define the map
w RIS R,

d
X = (xl,...,xd)T — <u,x> = Zul-x,-.
i=1

The associated push-forward operator (u*)y is also written more compactly as uj.

For a random variable X ~ y on IR, its distribution function is the map
R >t Fy(t) := Fx(t) :=P(X < t),

and its quantile function is defined by means of the generalised inverse of the distribution
function as the map

0,1) 27— Fljl(r) = F'(r) :=inf{t € R: Fx(t) > r}.

The 1,, symbol represents the vector (1,...,1) € R" and I, represents the n x n identity matrix.

Since the § symbol is used to denote Dirac measures and I find the 1 and 1 symbols too similar, I
use the Iverson bracket to denote indicator functions. That is, for any proposition P,

1, if Pis true,
[P] := .
0, otherwise.

Thus, [i = j] evaluates to 1 if i = jand to 0if i # ;.

A non-standard convention that I have found useful is to end numbered statements such as
definitions and remarks with a {) symbol as opposed to putting the whole statement in italics.
So, too, in the first definition in this thesis, which clarifies that I use the terms distance and metric
interchangeably.

Definition 1.1 (Distance). Let X be a non-empty set. A functiond : X x X — R is called a
distance (or a metric) on X if it satisfies all of the following axioms for arbitrary x,y,z € X"

(D1) d(x,y) > 0, that is, d is non-negative;
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(D2) d(x,y) = 0if and only if x = y;
(D3) d(x,y) = d(y, x), that is, d is symmetric;

(D4) d(x,z) <d(x,y) +d(y,z), thatis, d obeys the triangle inequality. &

1.4 Software and code availability

I carried out all computations in R (R Core Team), 2025) and wrote my own functions for
computing Wasserstein and sliced Wasserstein distances as well as for fitting Gaussian process
regression models. I have put together these functions as an R package, slicer, that is available
from https://janhove.github.io/slicer. The R scripts used for the examples, as well as
their inputs and outputs, are available alongside the source files for this thesis from https:
//github.com/janhove/mscthesis,


https://janhove.github.io/slicer
https://github.com/janhove/mscthesis
https://github.com/janhove/mscthesis
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Chapter 2

Wasserstein and sliced Wasserstein distances

The Wasserstein distance is one of the most important and widely used distances between
probability distributions. This chapter reviews some key properties of this distance before
turning its focus to its cousin, the sliced Wasserstein distance. Attention is restricted to probability
distributions on R? for d > 1.

2.1 Wasserstein distances

2.1.1 Definition and key properties

The mathematical field of optimal transport studies the problem of finding a coupling vy € I'(j, v)
between two probability distributions y and v defined on metric spaces X and Y, respectively,

that minimises the quantity

/Xxyc<x,y>dv<x,y>,

wherec: X x) — [O, o) is a non-negative measurable function (a ‘cost function’). Such an
optimal coupling is also called an optimal transport plan. If, under an optimal transport plan, it
holds that v = Tyu for some measurable map T : X — ), then T is called an optimal transport

map.

Conceptually, the optimal transport plan represents the most efficient way (in terms of the cost
function c) to move the probability mass of u about so that it corresponds to that of distribution
v. If we consider the special case where y and v are probability distributions on RY,d > 1, it
is natural to base the cost function on a distance defined on IR. Of particular interest are cost

functions of the form
c(x,y) = x—yl}

where | - ||, denotes the p-norm on R? for p > 1. For our purposes, the focus is less on finding a
minimiser 7y € I'(y, v) than it is on computing or otherwise estimating the resulting minimum,
which results in the Wasserstein distance between y and v.

7



8 CHAPTER 2. WASSERSTEIN AND SLICED WASSERSTEIN DISTANCES

Definition 2.1 (Wasserstein distance). Let u,v € P(R%),d > 1 and p € [1,0). The Wasserstein
distance of order p (also called the p-Wasserstein distance) between y and v is defined as

1
s IT u

This definition can be recast in the following probabilistic terms: For y,v € P(]Rd), d>1,we
have )
Wy (e v) = inf (E(IX - YI}p))" 2.1)
Y~v
for all p > 1. The infimum in Definition 2.1|is a minimum in [0, o0) provided that both y and v
have finite p-th moments (Villani, 2009, Theorem 4.1 and Chapter 6).

I will often abuse notation and write Wy, (X, Y) in lieu of Wy, (p,v) if X ~ pand Y ~ v. Further, if
U= m~1 Y0y and v = n—1 27:1 ‘Syj are empirical distributions with x1,...,x, and y1,...,yx
vectors in R?, I will occasionally write W, (M;, M) instead of W (j,v), where

x| v
M, = and M, =
X Yu

The Wasserstein distance, named for Leonid Vaserstein in what seems to be a case of Stigler’s
law of eponymy, goes by a few different names, among which are the Mallows distance, the

Kantorovich-Rubinstein metric, and the earth mover’s distance (for p = 1).

A few properties of the Wasserstein distance that I will use in the chapters to follow are presented

in the next lemma.

Lemma 2.2 (Basic properties of W). For p > 1and d > 1,let X ~ u,Y ~ v be random vectors,
with p, v € Py(R?). Further let v € R? and ¢ € R. Then

1. Wy(X+2,Y +v) = Wy(X,Y), that is, Wasserstein distances are translation-

invariant.
2. Wy(cX,cY) = [c|Wp(X,Y), that is, Wasserstein distances are homogeneous.
For the special case p = 2, furthermore, the Wasserstein distance can be bounded from above:

3. W3(X,Y) < 2E([[X|]?) + 2E(||Y[). ¢
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Proof. From Equation[2.1} we obtain

=

W,(X +2,Y+0v)= _inf (JE(||5(+'0— (17+v)||5))
X~L(X),
Y~L(Y)

==

X~L(X),
Y~L(Y)

= W,(X,Y).

= _inf (E(IX-YII}))

Similarly,

1 1

W, (cX,cY) = inf (E([|cX—cY|}))" =lc| _inf (E(IX-Y[}))" = [c|W,(X,Y).

p(eXe¥) = inf (E(IeX —eFI)" =1el inf (IR =¥I}))" = [elWy (X,
Y~L(Y) Y~L(Y)

Finally, for independent X ~ £(X) and Y ~ £(Y), it holds that

WX, Y) < E (IIX - Y|2) = E (IX)2) +E (IV?) - 2E(X, V).

We find that
—2E((X,Y)) = —2(E(X),E(Y)) [independence]
< 2|(E(X),E(Y))]
< 2|E(X) || IE(Y)| [Cauchy-Schwarz]
< [EX)|* + [EY)] [a® + 0% > 2ab]
< E(|X|]*) + E(|Y]?). Jensen]
Since X £ X, Y £ ¥, it follows that W2(X, ¥) < 2E (||X||2) + 2 (|| Y|[). -

The p-Wasserstein distance is a distance on PP(IRd),d > 1,p > 1, in the sense of Definition
1.1 on page 4| (Villani, [2009, Chapter 6). From a theoretical point of view, one of its attractive
properties is that it metrises weak convergence on P, (IR%): W, (g, ) — 0,k — oo, if and only if
uy converges weakly to u (Villani, 2009, Theorem 6.9). Another appealing property, which I will
use in a later chapter, is provided in the next lemma.

Lemma 2.3 (Continuity of W). The p-Wasserstein distance is continuous on P, (RY) in the
following sense: if (1) ;, (V)% ; converge weakly to y and v in P,(R?), respectively, k — oo,
then W, (pg, vg) — Wp(y,v),k — 0. O

Proof. Due to the triangle inequality,

W (b, vie) = Wy, v) < W (i, ) + Wy (1, v) + Wy (v, 1) — Wy (p,v)
= Wy (e, 1) + Wp(v, %),
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which converges to 0 as k — oo since W), metrises weak convergence on Pp(]Rd). Similarly,

Wy (1, v) — Wy (s, vie) < Wy, i) + W (s, vie) + W (ve, v) — W (1, Vi)
= Wy (1, pix) + Wp(vg, v),

which also converges to 0 as k — oo. Hence,

Wy (pe, vk) = Wi, v)| = 0,

as k — oo. O

Since the p-Wasserstein distance is a distance on Pp(le), we can use it to compute pairwise
distances between objects that can be encoded as distributions in Pp(le). Distance-based
procedures such as k-nearest neighbours can subsequently be trained on these distances in
order to solve classification and regression problems. However, an important class of predictive
models, which includes support vector machines and Gaussian process regression, does not
work directly with distances between objects x1, . . ., x,,. Instead, the pairwise similarity between
these objects is expressed by means of a kernel. I leave the discussion of what kernels are and
how they can be constructed and used in predictive modelling for Chapter

2.1.2 Computation

In the general case, computing the exact p-Wasserstein distance between two distributions
supported on at most 1 points has time complexity O(n> log n), whereas an approximate solution
can be obtained in O(n?/¢) for a precision level € > 0 (Nguyen) 2025, Remark 2.3). However,
there are two special cases in which Wasserstein distances can be computed considerably more
cheaply.

The first one concerns Wasserstein distances of order p = 2 between Gaussian distributions.

Proposition 2.4. Let iy = Ny(my,X1), pia = Ny(mo, £;) be Gaussian distributions on R? with
symmetric positive-definite covariance matrices. Then

W3 (p1, 2) = ||my —mo||* + Tr (Zl +Xy — 2(2%/2222%/2)1/2) . ¢

Proof. SeeDowson & Landau|(1982). These authors write their result as
W3 (i1, i2) = lmy — ma |2+ Tr (E1 + Ep — 2(24%9)1/2) .

However, since
I, = Z/2(Z) 2l )12,

the matrices ;X and Z%/ 2222%/ 2 are similar. In particular, they have the same eigenvalues,
and so do their matrix square roots. Consequently, they have the same trace. Later authors seem
to prefer the longer version, perhaps because this makes it easier to appreciate that the distance
is symmetric. O
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Data: A discrete probability distribution p = Y/” ; a;6y, on R
A discrete probability distribution v = Z}’Zl Bjdy; on R
Anorderp > 1
Result: W = W, (1, v)
1 NorthWestCorner(y, v, p):
2 Let (a(j), x(7))/L; be («;,x;)!; sorted in ascending order of x.
3 Let(Bj),y(j))j=1 be (Bj,yj)j, sorted in ascending order of y.
4 W<+ 0
5 i1
6 j1
7 a<— 06(1)
8 b+ :B(l)
9 whilei <m,j <ndo
10 t + min(a,b)
11 W(—W+t|X(l-) _y(])‘p
12 a<a—t
13 b«b—t
14 if 2 = 0 then
15 i i+1
16 if i < m then
17 L a<— 06(1-)
18 if b = 0 then
19 jj+1
20 if j < n then
& L =By
22 W« W/p
23 return W

Algorithm 2.1: The northwest corner algorithm.

The second special case, which is key to this thesis, occurs when d = 1.

Proposition 2.5 (Univariate distributions). Let F, land F, ! be the quantile functions of u,v €
Pp(R), respectively. Then

1
Wh(v) = [ IR0~ B0 P 0

Proof. Nadjahi (2021} p. 21) cites Theorem 3.1.2(a) in|{Rachev & Riischendorf|(1998) as proof for
this fact. O

If the quantile functions of u and v are known, the integral in Proposition [2.5|can be evaluated
numerically. If x and v are both discrete distributions that are supported on m and n points,
respectively (e.g., if y, v are empirical distributions), an exact value can be computed using the
northwest corner algorithm (Algorithm 2.T). The while-loop executes at most 7 + n — 1 times,
so the algorithm’s asymptotic time complexity is dominated by the sorting operations in lines
2-3. This means that the algorithm runs in O(N log N), where N = max(m, n).
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If - -
p==Y 0y and v=-Y 4,
i3 nia

with x, y € R", computing the Wasserstein distance between i and v reduces to a straightforward
sorting problem with time complexity O(nlogn):

1 n
— N — 1y |P
. l; Ix@) —y@)l?,

Wh(p,v) =

where 1(; is the i-th order statistic of u.

2.2 Sliced Wasserstein distances

Unlike in the general case, Wasserstein distances between univariate distributions are easy
to compute, particularly between discrete distributions. This led |[Rabin et al.| (2012) to define
a distance between multidimensional probability distributions in terms of the Wasserstein
distances between one-dimensional projections of these distributions. This approach, termed
sliced Wasserstein distances, has gained considerable traction since then. A recent book-length
treatment of sliced Wasserstein distances and further developments is provided by Nguyen
(2025).

2.2.1 Definition and properties
To recall, we define the unit sphere of R? in terms of the Euclidean norm, that is,
gl ={gecR?: 0] =1}.
The uniform distribution on $%~! is denoted as ¢. The sliced Wasserstein distance is now formally

defined as follows.

Definition 2.6 (Sliced Wasserstein distance). For pu,v € Pp(]Rd),p > 1,d > 1, the sliced
Wasserstein distance of order p between y and v is defined as

SW, (i, v) 1= ( / w,ﬁ:(e;y,egu)da(e)> " o

In probabilistic terms, the sliced Wasserstein distance can be written as

1

SW,(1,v) = (Bowe (Wh(051,05)) )"
For X ~ u,Y ~ v, it is often convenient to write

SW, (1, v) =1 SW,(X,Y) = (/ Wh((X,6), <Y,9>)da(9)> "
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Figure 2.1: The circles and triangles are projected orthogonally onto the span
of the unit vectors 07 (left) and 0, (right). In each case, the p-Wasserstein
distance between the projected distributions can easily be computed. The
sliced Wasserstein distance of order p is defined in terms of the expectation of
the p-Wasserstein distance between such projected distributions for a random
vector 6 sampled uniformly from the unit sphere.

Similarly, if u#, v are empirical distributions represented by matrices My, My, I will occasionally

write

SWp(p,v) =: SWp(My, Ma) = (/Wi(Mlﬂ,MzG)dv(G))p

Figure[2.1]illustrates the intuition behind the definition of the sliced Wasserstein distance.

Like the p-Wasserstein distance, the sliced Wasserstein distance of order p is a distance on P), (RY)
(Bonnotte, 2013, Proposition 5.1.2; see also Nadjahi, 2021, Proposition 7.1, for a more general
statement). Further theoretical properties such as the relation between weak convergence and
the convergence under SW,, are discussed by Nadjahi (2021, Chapter 7), but these findings are
not relevant for the remainder of this thesis.

2.2.2 Computation and estimation

In practice, sliced Wasserstein distances need to be estimated using Monte Carlo simulation. The
use case that is relevant for this thesis is when y = m~1 Yt 0y andv = n1 27:1 (5yj are discrete
(empirical) distributions on IR¥. Representing these distributions in matrix form as

T T
X1 141
M, = and M, = ,
T T
Xm Yn

the sliced Wasserstein distance of order p between y and v is estimated as

L
. 1
SWy, (1, v;01,...,01) = 7 5—21 W4 (M16,, My0,),
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with 04,...,0 iid. o, L > 1. Nguyen| (2025, Remark 2.17) bounds the Monte Carlo estimation

error as

-

E §W5(y,v,- 01,...,01) — SWh(p,v)| < \%VargNg (w,‘;(Mw, Mzg)) 2

When estimating pairwise sliced Wasserstein distances between N empirical distributions each
supported on # points in RY, the analyst needs to sample L independent vectors 1, ...,0;
from o, compute LN products involving N n x d matrices and L d-dimensional vectors (time
complexity in O(LNnd)), and then sort the resulting LN n-dimensional vectors (time complexity
in O(LNnlogn)). On sorted inputs, the northwest corner algorithm runs in linear time, so
the final step involves O(N?) computations that each have time complexity O(Ln). Putting
everything together, the N(N — 1) /2 sliced Wasserstein distances can be estimated in

O(LNnd + LNnlogn + N*Ln) = O(LNn(d +logn + N)).

In the next chapter, we will see how Wasserstein and sliced Wasserstein distances can be used in

a kernel-based regression framework.



Chapter 3

Kernels and kernel-based regression

This chapter develops the regression framework that I will use in the remainder of the thesis:
Gaussian process regression. This method assumes that we have at our disposal a way to
express the similarity between the input objects. More precisely, it assumes that this similarity is
expressed using a positive-definite kernel.

Definition 3.1 (Positive-definite kernel). Let A’ be a non-empty set. A functionk : X x X — Ris
called a positive-definite kernel on X if

(K1) kis symmetric, i.e., if k(x,x") = k(x/,x) forall x,x" € X, and

(K2) forall xq,...,x, € X,cq1,...,¢cn € R,n > 1, it holds that

non
Z Z cl-c]-k(xi, X]) > 0.
i=1

=1j=1

These conditions are equivalent to requiring that, for any n > 1 and any choice of x1,...,x, € X,
the matrix

K = (k(xi, xj))1<ij<n

is symmetric positive semi-definite. &

Given two positive-definite kernels, further ones may be constructed in various ways. The two
ways we will use are licensed by the following lemma.

Lemma 3.2. Let kq,ky : X x X — R be two positive-definite kernels on X'. Then both their sum
k1 + ky and their pointwise product k1k; are positive-definite kernels, too. &

Proof. The symmetry of k1 + kp and kik;, follows immediately from the symmetry of k; and k.

As for the positive-definiteness of k1 + ky, consider arbitrary x1,...,x, € X,c1,...,ch € R,n > 1.
By the positive-definiteness of k1 and ky, it holds that
n n n n n n
Yo ) cicilka(xi, xj) + ka(xi, x)) = Y Y cicjka(xi, ) + ) Y cicika(xi, %) > 0+0,
i=1j=1 i=1j=1 i=1j=1

15
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so k1 + kj is a positive-definite kernel.

We now consider the pointwise product. For n > 1, write
A = (ki(xi,xj))1<ij<n and B = (ka(xi, x}))1<ij<n-

Both A and B are real symmetric positive semi-definite matrices, so we may write them in terms
of an eigenvalue decomposition:

n n
A=Y auu] and B=)Y bow/,
k=1 =1

with eigenvalues ag, by > 0,1 < k, £ < n. Denoting the pointwise (Hadamard) product between
A and B as
A © B = (A;jBij)i<ij<n,

we obtain, for arbitrary ¢ € R",

n n
CT(A O] B)C = Z Z CiC]'(A O) B)l]
i=1j=1
n n n n
=YY cic gy | | Y brvgivg
i=1j=1 k=1 =1
n n n n
=Y Y Y ) axbeciuvgiciugivy
i=1j=1k=1/(=1
n n n n
=Y ) by | Y ciugvg | | Y cjuxjoy
k=1/(=1 i—1 =1
5o ($emon)
= axby CillkiVgi
=1m T \is

Consequently, A ® B is symmetric positive semi-definite, which means that the pointwise
product k1k; is a positive-definite kernel. O

I postpone the discussion of how we can construct such positive-definite kernels by means
of Wasserstein and sliced Wasserstein distances to Section First, in Section I discuss
the basics of Gaussian process regression while taking for granted that a suitable positive-
definite kernel is available. The chapter closes with a discussion of how the hyperparameters
in the kernels and in the Gaussian process regression proper can be optimised via likelihood

maximisation.

3.1 Gaussian process regression

An introduction into the theory of Gaussian process regression is provided by [Rasmussen
& Williams| (2006). Here, I only cover the nuts and bolts insofar as they are relevant for the
remainder of this thesis. I do not rederive the formulae below myself; I merely reproduce them
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from [Rasmussen & Williams| (2006) with slight changes in notation in order to be more consistent
with the notation used in this thesis.

Definition 3.3. A Gaussian process is an indexed collection of random variables ( f(x)),cx such
that (f(x1),..., f(xn)) has an n-variate Gaussian distribution for any n > 1. &

A Gaussian process is completely characterised by its mean function m : X — R, x — E(f(x)),
and its covariance function k : X x X — R, (x,x’) — Cov(x,x’). The Gaussian process f

defined by the mean function m and the covariance function k may be written as

f(x) ~ GP(m(x), k(x,x')).

Gaussian processes underpin the Bayesian technique of Gaussian process regression. Let x =
(xi)f\gl C & be input data for which we observe outcomes y1,...,yn, € R. We assume that

Yi :f(xi)+8ili:1/"'/N1/

with fixed inputs x and i.i.d. random errors €y, ..., &N, ~ N(0, 172), 172 > 0. In Gaussian process
regression, the error-free function f : X — R is modelled as a stochastic function whose prior
distribution is a Gaussian process. Here, I only consider Gaussian processes with a constant
mean function m(x) =m € R.

The data points (x;, yl) _!, comprise the training set. We are given a further N; elements of &',

filﬁﬁfl, and wish to obtain an estimate of f(x;) fori = N; +1,...,N; + Np. In

the following, I write y = (y1,...,yn;) ' for the vector of training outcomes, ¥ = (Nj) ! Zfill Vi

namely x, = (x;)

for their sample mean, and f. = (f(xn,+1),--.,f(¥n,+N,)) | for the vector of test outcomes that
we want to estimate![]

A positive-definite kernel k : X x X — R expresses the pairwise similarity between elements of
X and serves as the covariance function of the Gaussian process. We construct the kernel matrix

K = k(xj, Xj)1<ij<N,+N,

and define the submatrices

K(x,x) = ( z])lgi,jgle

K(x,x:) := ( 1])1<i<N1,N1+1§j§N1+N2/
K(x.,x) = K(x,x)",
K(xe, %) := (Kij) Ny +1<i <Ny + N -

The point predictions for a single test object xy, 4; do not depend on the other components of x.. As long as the
training objects x remain available so that the matrix K(x, x.) can be constructed, the test objects x. do not need to be
known at the time when the model’s hyperparameters are tuned; see Section
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Data: K(x,x) € RNM*M € RM K(x,,x) € RMN i e R, 42 >0

Result: Model predictions for x

GPR(K(x,x),y, K(xx,x),m, 172):
y <y —mly,
U + cholesky(K(x,x) + °In,) /x ie., U'U=K(x,x)+ 7N, */
a+— U\ (U"\y) /x ie., o= (K(x,x)+n%In) "ty */
f. + K(xy, x)a +mly,

return f,

I N TN U R

Algorithm 3.1: Obtaining predicted outcomes using Gaussian process regression.

The joint distribution of y and f. is modelled as a multivariate Gaussian distribution with

covariance matrix

K(x,,x) K(xs, xx)

<K(x,x) +72Iy,  K(x,x.) ) .

By assumption, the mean of this multivariate Gaussian distribution is zero. If the outcome
data do not have a natural zero, it is standard practice to force this assumption by centring the
outcomes around some m € R, with m = ¥ being a common choice. In the formulae below, I

made this centring step explicit:

y —mly, N 0 K(x,x) +7°Iy, K(x,x,)
fo —mly, NN | K(x., x) K(xe,x:)| )

Having observed x,y and x., we can obtain the posterior distribution of f. — m1y,, which is

multivariate normal, too:

(fe —mln,)|x,y, % ~ Ny (., Cov(felx, x.)),

where
fo = K(xa, %) (K(x,%) + 7°In,) " (y — mily,) + mily, 3.1)

and
Cov(filx, x.) = K(x., x:) — K(x,, %) (K(x, %) + 72 In,) 'K (x, x4).

Equation3.1]yields the model’s (maximum a posteriori) point predictions; the diagonal elements
of Cov( fi|x, x,) can be used to construct credible intervals around these predictions.

Rasmussen & Williams| (2006, Algorithm 2.1) provide an algorithm for efficiently estimating
f«. I reproduce it here as Algorithm with minor modifications. These modifications
include implicitly incorporating the centring step, accommodating multiple test data points, and
assuming that the Cholesky decomposition follows the convention in R and returns an upper

triangular matrix rather than a lower triangular matrix.

Algorithm assumes that K (x, x) + %Iy, is positive-definite. In practical terms, a large enough
value 772 guarantees that this is the case as long as K(x, x) is symmetric. Even if K(x, x) is positive-
definite, slightly increasing the values on its main diagonal can help to avoid numerical issues
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with the Cholesky decomposition. The 52 hyperparameter can be tuned, as explained later in
this chapter.

3.2 Wasserstein and sliced Wasserstein kernels

As we saw in the previous section, the covariance of a Gaussian process is represented by
a positive-definite kernel. I now turn to the matter of constructing such kernels based on
Wasserstein and sliced Wasserstein distances. I restrict my attention to radial kernels, that is,
kernels of the form

k(x,x") = p(d(x,x"))

for a distance d on X’ and a suitable function p : [0,00) — R.

Bachoc et al.| (2020, Proposition 4) characterise fully the continuous functions p : [0,00) — R
that are suitable for constructing radial positive-definite kernels, provided that X is a Hilbert
space such that d(x,x") = ||x — x'|| x. Here, || - || ¥ is the norm induced by the inner product of
the Hilbert space. In particular, the power exponential function

0s2,(r) = 5% exp (— (%)p) , (3.2)

where s2,t > 0 and p € (0,2], serves as a suitable function p. Setting p = 2 in Equationyields
the Gaussian radial basis function. Another class of kernel functions is obtained by means of
the Matérn covariance function

2 K
P52, (r) = mKK(r/ t), (3.3)

where s2,t,x > 0, where T is the Gamma function, and where K, is the modified Bessel function
of the second kind. For ¥ = 1/2,3/2,5/2, EquationB.3]simplifies to

r
o) = Foxp (1),

\/3r \/3r
Ps2,13/2(1) = s? <1 + > | &P\ T |

Y PO V5
and pp2;5/5(r) =5 <1+ o +12t2>exp< 5 |

respectively.

While Equations[3.2land [3.3]allow us to define radial positive-definite kernels using the induced
norm on a Hilbert space, the space of probability distributions with finite p-th moment is not a
Hilbert space. In order to use Equations 3.2 and 3.3 when working with Wasserstein and sliced
Wasserstein distances, then, we need to assess if these can be written in terms of an induced

norm of a Hilbert space. This is where the notion of Hilbertian distances comes into play.

Definition 3.4 (Hilbertian distance). Let (X, d) be a non-empty metric space. We say that the
distance d : X x X — [0, 0) is Hilbertian if there exists a Hilbert space # and a mapping



20 CHAPTER 3. KERNELS AND KERNEL-BASED REGRESSION

¢ : X — H such that
') = [lp(x) — (')l
forany x,x’ € X. Here, || - || = / (-, -)% is the norm induced by the inner producton #.

The idea is that if d(x, x") = ||p(x) — ¢(x)||3 for some mapping ¢ : X — H, then we may define
a radial kernel in terms of

k(x,x) = p(llp(x) = ¢(x)l12¢)

using any of the suitable functions p identified by |Bachoc et al.| (2020).

Unfortunately, the p-Wasserstein distance on Pp(]Rd) is not Hilbertian for d > 2 and p = 1,2.
Peyré & Cuturi| (2019, Proposition 8.2) show this by constructing a counterexample involving 35
mixtures of Dirac measures and demonstrating numerically that if the p-Wasserstein distance
on Py (RY),d > 2, were Hilbertian, then this would contradict a result by Schoenberg| (1938,
Section 3). I refrain from reproducing the counterexample here. I could not find proofs pertaining
to p ¢ {1,2}, but Peyré and Cuturi’s construction generated counterexamples for all other
(unspecified) values of p in the interval [1,4] that they considered, see their Figure 8.6. In any
case, the values p = 1,2 correspond to the most important use cases of Wasserstein distancesE]

In the univariate case, however, a Hilbertian Wasserstein distance can be obtained as a corollary

of Proposition[2.5 on page 11

Corollary 3.5. The 2-Wasserstein distance is a Hilbertian distance on P;(RR). &

Proof. We denote by L?([0,1]) the quotient space obtained by identifying the functions in {f :
[0,1] - R: fol |f(t)|>dt < oo} agreeing Lebesgue-almost everywhere. When equipped with the
inner product

<fgL201 /f

L%(]0,1]) is a Hilbert space. Its induced norm is

llzgom = (] 726 dt)

We define the mapping ¢ : P»(R) — L?([0,1]),u — F; 1(.), that associates each square-
integrable univariate distribution to its quantile function. From Proposition 2.5, we now obtain

0 = ([ 0000 = o) 0Pat)” = gl = 90 iz 0

Remark 3.6. In their Remark 2.30, Peyré & Cuturi| (2019) claim that the p-Wasserstein is a
Hilbertian distance on P, (R) for all p > 1. Their remark hinges on the following argument:

2Incidentally, Bachoc et al.| (2020) constructed positive-definite kernels on 732(]Rd),d > 2, by means of optimal
transport maps rather than by means of the Wasserstein distances themselves.
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“[TThe Wasserstein distance is isometric to a linear space equipped with the L¥ norm
[for any p > 1,]V], or, equivalently, that the Wasserstein distance for measures on the

real line is a Hilbertian metric.”

The first part is readily seen by means of the mapping ¢ : Pp(R) — LP([0,1]), p — F; 1(+), as
in the corollary above. But for p # 2, the L? norm may not be induced by an inner product. By
way of a counterexample, we define f, ¢ € L'(]0,1]) as the indicator functions on [0,1/2] and on

(1/2,1], respectively. If the L' norm were induced by an inner product, we would find

If + 810y + 1 = &Iaomy = 2 (1B oy + 11 o)
However,

1+ 8121 oy + 1 = 81 oy =2 # 1 =2 (If 121 01 + 180y ) -

Consequently, the equivalence that Peyré & Cuturi (2019) rely on does not hold in general, and I
will therefore not assume that the W, distance is Hilbertian on P, (R) for any p # 2. &

Because of Corollary 3.5, we may slot the W, distance on P,(R) into Equations[3.2]and [.3]in
order to obtain a positive-definite kernel function. Following Nguyen| (2025, Chapter 4), I define
the Wasserstein kernel for one-dimensional probability measures with finite second moment
specifically in terms of a Gaussian radial basis function (i.e., setting p in Equation [3.2]to 2). That
said, other kernel constructions would merit systematic exploration, too.

Definition 3.7 (Wasserstein kernel). Let 1, v € P»(IR) be one-dimensional probability measures
with finite second moment. The Wasserstein kernel between i and v is defined as

bur(uv) = exp { - Wi ) |

for a scaling factor s> > 0 and a length-scale parameter t > OEI &

Kernels for the multivariate case can be constructed using sliced Wasserstein distances thanks to
the following proposition (Nguyen, 2025| Proposition 4.10).

Proposition 3.8. The sliced Wasserstein distance of order p = 2 is Hilbertian. &

Proof. We denote by L2([0,1] x $9~1) the quotient space obtained by identifying the functions in

{f: 0,1 xS 1 5 R: /H /01 £2(,0)dtdo (6) < oo}

agreeing Lebesgue-almost everywhere. When equipped with the inner product

(f,8) 2011 xsi-1) = /Sdl/fte (t,0)dtdo(6),

3The scaling factor is usually denoted ¢? in the literature, whereas the length-scale is more typically written as ¢ or
reparametrised and written as -y. All of these symbols have other roles to play in this thesis, however.
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L%(]0,1] x 8471} is a Hilbert space, with the induced norm

1201 x50-1) = (/5“ /01 fz(t,e)dtd0(9)>% = (EM (/01 fz(t,e)dt>>%.

We define the mapping ¢ : P>(IRY) — L2([0,1] x S9~1) through ¢(u)(t,0) = FB%;(t)' With
Proposition 2.5, we obtain

Nl—

SWa (1, v) = (Eo-eW3 (051, 03v) )

_ (]Eew (/01 ‘F‘Z;;l(t) _ P@(t)‘%t))é

= 9(1) — 9)l2(0 151 o

Remark 3.9. Meunier et al.|(2022) point out that the sliced Wasserstein distance of order p = 1 is
not Hilbertian but prove that its square root is a Hilbertian distance (their Proposition 6). While I

will follow most authors and focus on p = 2 in the remainder, Meunier et al.’s finding implies
that we can slot \/SWj (-, -) into Equations|3.2}and |3.3|and obtain positive-definite kernels. <

Proposition 3.8 allows us to define the sliced Wasserstein kernel as follows.

Definition 3.10 (Sliced Wasserstein kernel). Let ,v € P»(R?) be d-dimensional probability
measures with finite second moment, d > 2. The sliced Wasserstein kernel between y and v is

defined as 1
ksw (i, v) := s* exp {—ZtZSW%(y,V)}
for a scaling factor s> > 0 and a length-scale parameter ¢ > 0. &

In practice, SW3 (1, v) is estimated by Monte Carlo samples. Substituting S/V\Vi(y, v;01,...,01)
for SW3 (1, v), we obtain

A 1 =2
kSW(,urV; 9]/ .. ‘IGL) = Sz exp {_ZtZSWZ(‘u’V’ 9]/ .. ‘/GL)} .

For fixed projection directions, ksyy is a positive-definite kernel in its own right.

Proposition 3.11. For fixed 61, ...,0r, ksw(-,-;01,...,0;) isa positive-definite kernel. &
Proof. For p,v € Pz(le),d > 2, we see that
~ 2 1 —2
ksw(p,v;01,...,0L) =s"exp —ﬁswz(‘u,v;ﬂl,...,(h)
(=1

L
1
=2 exp {— Z WW%(B@]J, 95;1/)}

L
1
=[1s exp {—ZUZW%(GEQ% 9@1/)} -
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The terms of this product are Wasserstein kernels with length-scale v/Lt and with scaling factor
s?/L. Wasserstein kernels are positive-definite (Corollary , and products of positive-definite
kernels are themselves positive-definite kernels (Lemma3.2). O

However, as Nguyen|(2025) points out, lAcSW(y, v;01,...,01) is a biased estimator of ks (i, v):
By Jensen’s inequality, if Varg., (W3(0j1, 05v)) > 0,

1 —2 1 —2
E (exp {—MSWZ(V,V;HL...,BL)}> > exp {—th]E (SWz(y,v;Bl,...,BL)> } ,

where the right-hand side equals ksyy (4, v) with scaling factor s = 1. Nguyen| (2025) therefore

defines the unbiased sliced Wasserstein kernel.

Definition 3.12 (Unbiased sliced Wasserstein kernel). Let u,v € P,(R%) be d-dimensional
probability measures with finite second moment, d > 2. The unbiased sliced Wasserstein kernel

between u and v is defined as
1
kuswn ) = Bavs (exp { 523050, 050}
for a scaling factor s> > 0 and a length-scale parameter ¢ > 0. &

The unbiased sliced Wasserstein kernel is positive-definite (Nguyen, 2025, Proposition 4.11) and
can be estimated in an unbiased way via Monte Carlo approximation:

N s2 & 1
kusw(p,v;04,...,0L) = I ) exp {—2t2W§(6§#y, Bz#v)} ,
(=1
for independent 04, ...,0; ~ 0.

To my knowledge, no study has carried out a direct comparison of the relative merits of kgy and
kusw in terms of their usefulness for predictive modelling. In terms of computational demands,
kusw is necessarily somewhat more expensive to compute than kg as it requires evaluating
L exponentials as opposed to merely one for each pair of distributions. More importantly,
additional computational challenges arise when the application involves learning suitable values
for s? and t from the data. For ki;syy, the kernel matrix must be reconstructed repeatedly during
hyperparameter optimisation, and each reconstruction requires access to all L projected squared-
distance matrices. By contrast, tuning s? and t for ks only depends on the single averaged
squared-distance matrix, which is considerably cheaper to reuse in both time and memory. In
my own attempts, I was not able to accelerate the computation of k;;gy sufficiently to make it a
viable candidate for hyperparameter tuning. I leave a focused comparison of kg and kysp to

future work.

Given a number of positive-definite kernels, Lemma allows us to construct new kernels, for

instance through summation.
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Definition 3.13 (Sum of Wasserstein kernels). Given two d-dimensional probability measures
u,v and a set of vectors 04, ...,0; € RY, we can construct the Wasserstein kernels

14 1
kgv)(f’@% 0/5v) = sjexp {—Zt%wﬁ(ﬂeﬁ% Bzﬁv)} ,

¢ =1,...,L. We define the function
S0
k(]/l, v, 91, ey BL) = Z kW (91;;;1, ng;v)
/=1

with hyperparameters t1,..., 1], s%,. .y s% > 0, which is a positive-definite kernel in its own
right. &

3.3 Hyperparameter tuning

When fitting a Gaussian process model using a (sliced) Wasserstein kernel, we need to decide on
the values of at least three hyperparameters:

e the length-scale parameter t > 0 used in the exponential;
e the scaling factor s2 > 0;
¢ and the noise variance parameter > > 0 added to the main diagonal of K(x, x).

While it is possible to use cross-validation techniques when tuning these hyperparameters, an
attractive feature of Gaussian process models is that the likelihood of the training data y given
the predictor data x and the hyperparameters ¢ = (t,5s%,72) " has a closed form. Specifically, the
negative log-marginal likelihood (NLL) of a Gaussian process model is

Nj log(27)

I (3.4)

jla O
—logp(jlx, @) = -t Y logUj; +
i=1
where j is the possibly centred version of the outcome vector y, U is the upper triangular matrix
resulting from the Cholesky decomposition of K(x, x) + 7%Iy,, and

o= (K(x,x) +n’Iy) "' g =U\ U\ 7).

This result is derived in Chapter 2 in Rasmussen & Williams| (2006, see their Equation 2.30). The

expression is obtained by marginalising over the unknown values of f., hence its name.

To find the hyperparameter values minimising the NLL, I use the Broyden-Fletcher-Goldfarb-
Shanno (BFGS) algorithm (see Nocedal & Wright, |2006, Chapter 6). While this algorithm can
estimate gradients on the fly using the finite-differences method, the gradient of the NLL with
respect to ¢ is not too arduous to compute explicitly. In order to enforce positive hyperparameter
values, I optimise the NLL with respect to log(t),log(s?) and log(#?) instead of with respect to
t,s*> and n? directly.
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From Rasmussen & Williams| (2006, Equation 5.9), we obtain the k-th partial derivative of the
NLL as

o i) — T_g 1K
~ 5 o p(alx ¢) = —3 T ((a” ~K ),

where

and
% :K_lg.

It remains to compute 0K /¢y for k = 1,2,3. Writing d?(x;, x;j) for the squared distance between
the input objects x; and x;, the partial derivative for the log length-scale parameter is

oK 9 dZ(xi,x') ‘ ‘

szdz(xi/ x]) { dz(xi/ x]) }
= ————CeXp ———" -

t2 212

For the log scaling factor, we obtain

d*(xi, x; o
(31?):52>1j = 8102(52) (exp(log(SZ))exp {(;tzxj)} + i :]]>

d%(x;, x;

For the noise variance parameter, finally, we get

oK _ J 2 dz(xi’xj) T
<alog172)i]-_ alog(72) (5 eXP{_ztz +exp(log7)[i = ]|

For the initialisation, I generated independent starting parameter values as follows:

log(t) ~ Uniform(log(0.1 - MedDist),log(10 - MedDist)),
log(s?) ~ Uniform(log0.1,10g 10),
log(?) ~ Uniform(—10, —2),

where
MedDist = median(d(x;, x;))1<i<j<n; -

To prevent the BFGS algorithm from being stuck near a local minimum, the search can be run
from multiple independent starting points.
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Remark 3.14 (Hyperparameter tuning for sums of kernels). In Definition Iintroduced a
kernel defined as the sum of L Wasserstein kernels:
L

k(u,v;61,...,00) =) ki) (051, 05v)
(=1

with hyperparameters ¢4, ..., fr, s%, ceey s% > 0. Adding the noise variance parameter from the
Gaussian process model, this yields 2L + 1 hyperparameters that can be tuned in the same
fashion as in the single-kernel case discussed above, albeit at greater computational expense.
Specifically, the partial derivative of Kj; with respect to log f; is

( oK ) B s%d%(x,-,xj) exp {d%(x,-,xj) } ,

dlogt, );; t2 212

and the partial derivative of Kj; with respect to log 57 is

( oK ) . 52 exp { d%(xi/ x]) }
=) =4 el
dlogs? i 2

where d2(x;, xj) denotes the squared distance between the (-th projections of x; and x;, { =
1,..., L. The partial derivative of K;; with respect to log 1% is the same as before, %[i = j]. ¢



Chapter 4

A toy example

Chapter 2| introduced Wasserstein and sliced Wasserstein distances. Chapter |3 showed how
kernels can be derived from these distances and explained how these kernels can be used in
predictive modelling, specifically in Gaussian process regression. In this chapter, I illustrate how
these tools can be put into practice. I do so by means of a toy example constructed specially
to demonstrate the usefulness of sliced Wasserstein kernels in a situation where both standard

vector-based approaches and Wasserstein kernels fail abjectly.

4.1 Set-up

Input distributions. For each a > 0, we define the bivariate Gaussian mixture distribution

P(a) :=

==

4
2 NZ (”li/ 12)/
i=1

a 0
ﬂ1—<>,l42—< ; M3 = —H1, M4 = —H2.
0 a

For each w € R, we further define P(4,w) as the pushforward measure of P(a) under a

where

counterclockwise rotation by the angle w;

see Figure{4.1 on the next page} Denote by
R(w) = <c$)s w —sin w)
sinw  cosw

the corresponding rotation matrix. For Z ~ N, (u;, I), the random vector R(7t/2)Z has the

distribution N3 (#;11 mod 4, I2),i = 1,...,4. The angle 77/2 is the smallest positive angle for
which this is true. As a result, the period of w +— P(a,w) is 7t/2.

For any a, w, the expectation of X ~ P(a,w) is the zero vector in R2. Further, the distribution
P(a,0) is symmetrical about both cardinal axes. Hence, for X = (X3, X») ~ P(a,0),

d
(Xl/ XZ) = (X]/ _XZ)/

27
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P(5,0) P(5, 1/3)

X2

- 1@ Qe
ol ® @ o ®

Figure 4.1: For this toy example, the data are generated from Gaussian
mixture distributions whose components are laid out symmetrically around
the origin. The a parameter (here 2 = 5) governs the distance of the
component centroids from the origin; the w parameter (w = 7/3 in the
right panel) determines the rotation applied to the unrotated mixture P(a,0).
The ellipses represent 95% probability contours of each mixture component,
the centroids of which are marked by crosses.

)
Cov(Xy, X3) = Cov(Xy, —X3) = —Cov (X3, X3),

which means that Cov(X) is diagonal. Since the first and second component are exchangeable,
the diagonal entries of the covariance matrix are identical. Along one axis, the variance of the
mixture is the sum of within- and between-cluster variances, i.e., a2 + 1. Hence, the covariance
matrix of P(a,0) is (a> + 1) I,. The covariance matrix of P(a, w) has the same form:

R(w)(@® +1)LR(w)" = (4> + 1)R(w)R(w) " = (a* +1)I.

The first and second moments of P(a, w), then, do not depend on w, and the first moment does
not depend on g, either. Consequently, any vector-based model that uses these moments will not

be useful for predicting the rotation angle w in test data.

Let us now turn our attention to the marginal distributions of (X1, X2) ~ P(a, 7/4 + w). The
projection of the first mixture component onto the x-axis is a normal distribution with expectation
acos(7t/4+ w) and unit variance; the projection of the fourth mixture component onto the x-axis
is again normal with unit variance, but with expectation a sin(7r/4 + w). By symmetry, we find
that the distribution of X is

L(X1) = i(N(a cos(t/4+w),1) + N(—asin(rn/4+ w), 1)+

N(—acos(m/4+w),1) + N (asin(r/4 + w),l)).
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Similarly, for (Y1,Y2) ~ P(a, t/4 — w), we obtain

L) = (N(a cos(/4 — w),1) + N (—asin(rr/4 — w),1)+

I

N (—acos(r/4—w), 1)+ N (asin(r/4— w),l))

(N(a sin(m/4+w),1) + N(—acos(t/4+ w),1)+

PN

N (—asin(r/4+ w),1) + N (—acos(7t/4 + w),l))
— L(Xy).

By the same token, £(X;) = L(Y2). Thus, any method relying solely on the marginal dis-
tributions of the input distributions will not be able to tell P(a, 7/4 + w) and P(a, 1/4 — w)

apart.

Scenarios. We consider an artificial setting in which we observe empirical distributions 131, e,
13N1+ N, Obtained from simple random samples from the distributions P(a, w1), ..., P(a, wn 1N, )-
The rotation angles wy, ..., wy, with which the training data were generated are known; the
objective is to retrieve the values of wy, 11, ..., wn, 4+, that were used to generate the test set,
which are unknown. Each sample contains the same number of observations, 7.

The utility of sliced Wasserstein kernels will be illustrated in two scenarios.

® In Scenario 1, the rotation angles are drawn independently from a uniform distri-
bution over the interval (0, 7t/4). Over this interval, the images of cos and sin do
not overlap. As a result, the mappings from the rotation angle to the marginal dis-
tributions of P(a, w) are injective over this fairly narrow interval, and Wasserstein
kernels are expected to perform relatively well.

¢ In Scenario 2, the rotation angles are drawn from a uniform distribution over the
interval (0, 7t/2). While the mapping w — P(a,w) is injective over this wider
interval, the mappings from the rotation angle to the marginal distributions of
P(a,w) are not. Consequently, Wasserstein kernels are expected to show degraded
performance, whereas sliced Wasserstein kernels, which take into account the whole
distribution, are still expected to retain some predictive power.

In both scenarios, I set a = 5, N; = N, = 50 and n = 200. The values of wy, ..., wn, +n, Were
sampled independently from Uniform(0, 7r/4) (Scenario 1) and Uniform(0, 7t/2) (Scenario 2).
For both scenarios, twenty independent realisations of the rotation angles and the corresponding
samples are generated. Each of the resulting twenty data sets per scenario is analysed indepen-
dently of the others.

4.2 Method of analysis

For each of the twenty data sets per scenario, the closeness of the predicted outcomes dn, 11, .- -,
N, +N, to the test data wy; 11, . .., W, 4N, is assessed quantitatively by means of the root mean
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squared error (RMSE)

N1+N,

RMSE := , | — (@0; — w;)?.
Na N

The range of the outcomes varies between the two scenarios. In order to present the results in a
more directly comparable fashion, an R? value is computed as

Ni{+Ny / ~

R 1_ ):i:llel (“Ji - Wi)z

= Nt Ny — ’
Zilel.ﬁ (W —w;)?

where @ = Ny ! Z]N:ll wj is the mean outcome in the training data. Higher R? values correspond
to greater predictive accuracy. This definition allows R? to be negative when the predictions are

worse than when simply using the training set mean.

The RMSE and R? metrics compare the test outcomes to point predictions. Gaussian process
regression models, however, do not only output point predictions but full posterior predictive
distributions as well. To evaluate the quality of these posterior predictive distributions to the test
data, I computed the normalised negative log predictive density (NLPD) of the test outcomes

under these posterior distributions. Specifically, writing

Wy = (le-‘rl/' . 'I(")I\Il-‘y-l\fz)—r

for the vector of test outcomes,
@x = (ONy41s- - DNy 4N,) |
for the vector of posterior mean predictions,
Cov(ws|P, ..., 13N1+N2)

for the posterior covariance matrix of the latent (error-free) test outcomes, and 172 for the tuned

noise variance hyperparameter, the NLPD score is obtained as
1 o B, D 2
NLPD := N log(p(wx|@«, Cov(wx|Py, ..., Pny+nN,) +117IN,)),

where p(-|u, Z) is the density function of the multivariate Gaussian distribution with mean
vector y and covariance matrix X. Smaller NLPD values indicate that the posterior predictive
distribution better captures the joint distribution of the test outcomes.

Baselines. A reference baseline is established by setting &; to @ = N 1 ZJN:H wj, the mean
outcome in the training set, i = N7 +1,..., Ny + N,. By definition, the R? value for this reference
baseline is 0.

While we have established that there is no signal of the outcome in the means and covariances of
the input distributions, I nonetheless applied a vector-based method to this regression problem
in which each input distribution was summarised by the sample means and sample covariances
of its first and second dimensions as well as by the Pearson correlation between its first and
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second dimensions. For each distribution, this five-dimensional vector was used as a predictor
in a random forest model (see Breiman), 2001). This model’s mtry hyperparameter was tuned by
minimising the out-of-bag mean squared error over the set {1,...,5}. Thentree hyperparameter,
which rarely substantially affects the performance of random forests, was set to 500.

Wasserstein kernels. Next, a number of Gaussian process models were fitted to the data. The
first two of these models were based on Wasserstein kernels (see Definition[3.7 on page 21} for
which the inputs were the first and second marginals of the empirical distributions. That is, for
each pair of empirical input distributions P(a, w;), P(a, wj), T computed

kw (e15P(a,w;), e13P(a,w)))

and
kw(€2§P(ﬂ, wl-), EZQP(H, (Uj)),

where e; = (1,0)" and e; = (0,1) 7.

The hyperparameters s?, t and ;7% were tuned by minimising the negative log-marginal likelihood
using the BFGS algorithm as described in Section[3.3] The hyperparameter search was initialised
ten different times in order to prevent the optimisation algorithm from being stuck near a local

minimum.

Sum of Wasserstein kernels. For each pair of empirical input distributions P(a, w;), P(a, wj), 1
computed the kernel value
k(P(a,w;), P(a, wj);e1,e2),

see Definition[3.13 on page 24] This kernel combines the information from both marginals into a
single kernel, potentially allowing the model to use both projection directions simultaneously.
The kernel was used in another Gaussian process model, whose hyperparameters s3,s3, 1, t, and
n? were tuned as explained in Remark

Sliced Wasserstein kernel. Finally, a Gaussian process model using the sliced Wasserstein

kernel (Definition 3.10 on page 22) was fitted to the data. This kernel was estimated using

Monte Carlo simulation based on L = 50 projection directions sampled i.i.d. from a uniform
distribution over S!. For each of the twenty data sets, the projection directions were sampled
anew. The hyperparameters s?,t and 72 were again tuned by minimising the negative log-
marginal likelihood, and, again, the BFGS algorithm was initialised ten different times for each
hyperparameter search.

4.3 Results

Table [4.1)and Figure |4.2| show the RMSE values achieved by each modelling approach in the
scenario in which the rotation angles were sampled from a uniform distribution over the interval
(0,7t/4). As expected, the three Wasserstein kernels substantially outperform both the naive
baseline and the random forest baseline. However, they are themselves outperformed by the
sliced Wasserstein kernel. The NLPD values, where available, show a similar pattern, with the
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Predictive accuracy in Scenario 1
o from Uniform(0,7/4)

Baseline: Training set mean - o—mo#xmc&m
Baseline: Random forest - 6%—“—@0-00-@
Wasserstein kernel: first dimension - %@
Wasserstein kernel: second dimension - o*m o
Sum of Wasserstein kernels - oo% P
Sliced Wasserstein kernel - (%

0.05 0.10 0.15 0.20 0.25
RMSE

Figure 4.2: The root mean squared errors obtained by each prediction model
for the twenty runs of the toy example in the first scenario (rotation angle
drawn from Uniform(0, 71/4)).

Table 4.1: The root mean squared error and, where applicable, the normalised
negative log predictive density, obtained by different prediction models over
twenty runs of the toy example in the first scenario (rotation angle drawn

from Uniform(0, 7t/4)).
RMSE NLPD
Method of analysis Mean SO Mean SD
Baseline: Training set mean 0.221 0.017 — —
Baseline: Random forest 0.214 0.018 — —
Wasserstein kernel: first dimension 0.048 0.008 -—-1.65 0.18
Wasserstein kernel: second dimension  0.049 0.007 —-1.65 0.10
Sum of Wasserstein kernels 0.044 0.007 -1.78 0.16
Sliced Wasserstein kernel 0.033 0.007 —2.21 0.09

sliced Wasserstein kernel substantially outperforming the Wasserstein kernels based only on
marginal distributions. This suggests that the sliced Wasserstein kernel picks up on, and is able to
leverage, discriminatory information that is not contained in the input distributions” marginals.

In the second scenario, in which the rotation angles are drawn from a uniform distribution
over the interval (0, 77/2), the advantage of the sliced Wasserstein kernel relative to the other
approaches is even more pronounced, as expected; see Table[.2]and Figure[4.3} Indeed, the three
Wasserstein kernels do not outperform the baselines. The sliced Wasserstein kernel, by contrast,
is clearly able to pick up on some signal in the input distributions that is not restricted to the
marginals, in terms of both the RMSE and the NLPD values.

The R? values, shown in Tableand Figure tell the same story: in Scenario 1, the Wasserstein
kernels substantially outperform their baselines but they are narrowly outperformed by the
sliced Wasserstein kernel; in Scenario 2, the Wasserstein kernels cannot be used to reliably predict
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Predictive accuracy in Scenario 2
o from Uniform(0,m/2)

Baseline: Training set mean -

!
T

Baseline: Random forest - LR 0 © JR%5—So-0
Wasserstein kernel: first dimension - Q8§ 0°9aFts%5o
Wasserstein kernel: second dimension -| & OQE)#SQ'UQD
Sum of Wasserstein kernels - %O—Q—‘i)o [ 5%‘“0'0
Sliced Wasserstein kernel - °6'—e°-$ 09RO
0.15 0.25 0.35 0.45
RMSE

Figure 4.3: The root mean squared errors obtained by each prediction model
for the twenty runs of the toy example in the second scenario (rotation angles

drawn from Uniform(0, 7t/2)).

Table 4.2: The root mean squared error and, where applicable, the normalised
negative log predictive density, obtained by different prediction models over
twenty runs of the toy example in the second scenario (rotation angle drawn

from Uniform(0, 7t/2)).
RMSE NLPD
Method of analysis Mean SD Mean SD
Baseline: Training set mean 0.451 0.032 - —
Baseline: Random forest 0.455 0.045 — —
Wasserstein kernel: first dimension 0.463 0.037 0.68 0.11
Wasserstein kernel: second dimension  0.451 0.033 0.63 0.08
Sum of Wasserstein kernels 0.463 0.037 0.67 0.11
Sliced Wasserstein kernel 0.229 0.041 -0.03 0.26

33
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R? in both scenarios

Scenario 1

Baseline: Random forest- o 0—04@-0

Wasserstein kernel: first dimension -

Wasserstein kernel: second dimension -

Sum of Wasserstein kernels -

P

Sliced Wasserstein kernel -

Scenario 2

Baseline: Random forest- © 0—@-@@

Wasserstein kernel: first dimension4 o © o %

Wasserstein kernel: second dimension - 0@+‘90

Sum of Wasserstein kernels4 o © 0—%
Sliced Wasserstein kernel o e—c—&@eﬁ

0.0 05 10
R2

Figure 4.4: The R? values obtained by each predictive model for the twenty
runs of the toy example.

Table 4.3: The mean and standard deviation of the R? values obtained by
different prediction models over twenty runs of the toy example.

Method of analysis Scenario 1 Scenario 2

Baseline: Random forest 0.06 £0.15 —-0.02 +0.11
Wasserstein kernel: first dimension 0.95 £0.01 -0.05 +0.09
Wasserstein kernel: second dimension 0.95 +0.01 0.00 £0.03
Sum of Wasserstein kernels 096 +£0.01 —-0.05 £0.09
Sliced Wasserstein kernel 0.98 +£0.01 0.74 +0.08

the outcome, whereas the sliced Wasserstein kernel does a reasonable job, achieving a mean R?
of 0.74.

44 Conclusion

The results presented in the previous section demonstrate that sliced Wasserstein kernels
can perform well where vector-based methods and kernels based on marginal distributions
struggle. The toy example, of course, was constructed specially for this purpose. However, the
performance of any kernel-based method is likely to depend on how the input distributions are
scaled and oriented in the ambient space. Unlike in the present toy example, then, a real-life
application of Wasserstein and sliced Wasserstein kernels will likely involve some preprocessing
of the input distributions in order to find a suitable scaling and orientation. In order to provide
a theoretical basis for some of the preprocessing choices that naturally arise in practice, the
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following chapter studies the effect of global affine transformations of the input distribution on
sliced Wasserstein distances and the resultant kernels.
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Chapter 5

Effects of global affine transformations

The previous chapter illustrated the sliced Wasserstein-Gaussian process regression workflow
as well as its potential usefulness for tackling regression problems in which the inputs are
probability distributions. The toy example used, however, was deliberately artificial, which
allowed me to disregard the difficulties that analysts are likely to face in real-life applications.

One source of difficulty is that the variables that make up the input distributions are typically
measured in arbitrary units. For example, if the input distributions consists of measurements
of body heights and masses, the sliced Wasserstein distances between two distributions will
depend on whether the heights are expressed in metres, centimetres or inches and on whether
the masses are expressed in kilograms or pounds. Rescaling a single variable can drastically
alter the pairwise sliced Wasserstein distances, which in turn may affect the performance of the
prediction model downstream. Indeed, the asymptotic analyses in this chapter will show that
such rescaling may render the resulting kernel matrix degenerate.

A popular approach for dealing with arbitrary measurement units is to centre and scale each
input distribution using pooled estimates of the variables’ means and standard deviations. That
is, if M; is the n; x d matrix representing the i-th input distribution, we compute
ot
M; = (M; - 1,7") ,

where fi € R is a pooled estimate of the mean and where @, . . ., 04 are pooled estimates of the
standard deviations.

An alternative approach is to ‘whiten” the input distributions. The goal of whitening is to
transform the input in such a way that the pooled sample covariance matrix of the transformed
input is the identity matrix. In our context, this amounts to computing

M; = M;W.

Here, W € R?*? is a matrix such that WIW' = I;, where Tisa pooled estimate of the
covariance matrix of the input distributions. Equivalently, W has the property that W' W = 1.

37
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An infinite number of matrices W fulfilling this criterion exist for any given estimated covariance
matrix, but a handful of procedures for constructing one are used in practice. These include
Mahalanobis (or ZCA) whitening, Cholesky whitening, and PCA whitening (see Kessy et al.,
2018) for an overview). I will discuss these different whitening techniques in more detail later.

Both scaling and whitening are instances of a global affine transformation: the same transfor-
mation is applied to every input distribution, as opposed to applying different transformations
to different input distributions. Such latter (local) transformations may nonetheless be useful.
For instance, it is conceivable that analysts would want to isolate shape differences between the
input distributions from location and scale differences. Scaling and centring each distribution
separately prior to computing the distances would accomplish this. The goal of this chapter,
however, is to better understand the effects of such global affine transformations on sliced
Wasserstein distances and the kernels derived from them. It will show that such transformations
amount to a distortion of the measure on the unit sphere and will derive the Radon-Nikodym
derivative of this distortion. The theoretical findings are illustrated by means of simulations in
which the degree of anisotropy of the transformation matrix is varied systematically. The chapter
ends with a real-data example that demonstrates the effects of global scaling and whitening in a
less artificial setting.

5.1 Theoretical considerations

Forp € [1,:),let P,Q € Pyp(R?),d > 1,and let X ~ P,Y ~ Q. Further let A € GL4(R) be an
invertible matrix and b € RY a translation vector. For 6 € R? , we have

(AX+1b,0) = (X,AT0) + (b,0).
Consequently,
SWE(AX + b, AY + b) = /w§(<AX +b,6), (AY + b,0))do(6)
— / WE((X, AT6) + (b,6), (Y, AT6) + (b, 0))dc ().

Since the Wasserstein distance is translation-invariant (see Lemma[2.2 on page 8), this simplifies
to
SW(AX +b, AY + b) = / WH((X, AT0), (Y, AT6))do(0) = SWH(AX, AY).  (5.1)

Remark 5.1 (Change of measure). By definition,
SWS(X,Y) = [ WH((X,0), (Y, 6))do(0).
Comparing this expression to Equation[5.1} we observe that

SWI(AX + b, AY + b) = / W ((X,0), (Y, 0))doa(6),
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with o4 the pushforward measure of o under the mapping R? > v+ ATv € R?. Global affine
transformations, then, act on sliced Wasserstein distances solely through a distortion of the
measure on 871, &

To better characterise this change of measure, we write sw§ (X,Y)and SWZ (AX, AY) asintegrals
with respect to the Lebesgue measure. For Z ~ N;(0, I;), we have IP(||Z|| = 0) = 0 and it holds
that Z/||Z|| ~ Uniform(S?~1). Hence,

SWH(X,Y) = [ WH((X,2/ |21, (¥,2/ [z (2)ez,

where ¢ : R — (0,00),z — (271)~%/2exp (—||z/|?/2) , is the Lebesgue density of the d-variate
standard normal distribution. Similarly, and after using the homogeneity property of the
Wasserstein distance (Lemma[2.2), we see that

SW)(AX, AY) = /Rd WH((AX, 2/ |2]]), (AY, 2/ |1z])))g(z)dz

_ [ ¢(z)
- /Rd Wh((X,ATz), (Y, ATz>)Wdz.

Via a change of variable Z = AT z and after renaming and using the homogeneity property once
more, we obtain

, B . } ~ ¢(A7TZ) 5

SWH(AX, AY) _/IRd Wp(<X,Z>,<Y,Z>)||A_TZ||p|detA\ z
o z]I” (A”Tz)
—/Rdwp(<X'Z/HZ||>'<Y'Z/||ZH>)||A*T2||” |det A dz.

Hence, computing SW;(AX, AY), like computing SW}’;(X, Y), amounts to integrating
Wi (X, 2/ |Izll), (Y, 2/ |z])))

over z, but with respect to the measure ji4 that has the Lebesgue density

Iz]l”  p(A”"2)

Wal) = ATz Tdeta]

instead of with respect to the measure y that has the Lebesgue density

Remark 5.2 (Radon-Nikodym derivative). From the considerations above, we see that the
Radon-Nikodym derivative of 4 with respect to y is

dpa ) __lzlr_pla~T2
dp ¥ 7 A 2] [det Alp(z)

B (zT(Aﬂjgp—lz)P/Z ]de1tA| &P {; (" (1a—(a7a)7)z2) } ' ¢
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Remark 5.3 (Only AT A matters). We can write

|det A = /| det Al|det A| = /| det AT || det A| = \/| det AT Al.

This shows that the Radon-Nikodym derivative obtained in the previous remark depends only
on A" A, not on A itself. In particular, when whitening the input distributions using a matrix W
with WTW = £, the precise whitening procedure (e.g., Mahalanobis, PCA, Cholesky) does
not affect the resulting sliced Wasserstein distances

More generally, consider a singular value decomposition A = USVDZSVDVSTVD- Then A" A has
the eigenvalue decomposition ATA = VSVDZ%VDVSTVDf with Vgyp an orthogonal matrix and
X3, a diagonal matrix with the eigenvalues of AT A on its main diagonal. The left singular
vectors in Ugyp, then, are irrelevant for the sliced Wasserstein distance computation: for fixed
Xsvp, Vsyp, any orthogonal Usyp will result in the same distances. So we may assume that
A = Zgyp VSTVD, where Xgyp governs the degree of anisotropy of o4 and VSTVD the orientation. <

5.2 Geometrical interpretation

Let us consider, for the case p = 2, the eigenvalue decomposition ATA = QAQT, where
A = diag(Aq,...,A4). Then

AN QT 2)n

2/ (ATA) 2= (QTz)'AT(Q2) =

Ma.

i=1

Further note that
(det A)? = det(AT A) HAZ,

d
1/|detA| =T /A L
i=1

The Radon-Nikodym derivative of j 4 with respect to i can thus be written as

d Ty /A 1 ¢
ErC R e e exp{2 Z(l—Ail)(QTZ)?}-

du YiiA i—1

SO

Write 2 = QTz, that is, express z in terms of an orthonormal eigenbasis of AT A. Then
d —1
dua 2 1 —1\52
_—t - 1—A; s 5.
T = el ZMV_ 7 P 3 LA

To appreciate the geometrical meaning of this, let us consider A; = 1fori = 2,...,d. Then, for

Q=(q1,---,94), | L
dL;(‘h) = \/)Tlexp{_zl}

!But it does affect Wasserstein distances of the form W, ((X, 8), (Y, 6)) for 8 € R?. As we will see in the real-data
example at the end of this chapter, the choice of the whitening procedure can very much affect the performance of the
downstream prediction model if Wasserstein kernels are used.
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and 4 1
qpA

i=2,...,d. Hence, for A; =1,

dpa, _dpa, \_ ..
dy<1>—dy (q:) =1;

for A1 > 1,

dpa o dpa \ _ 1.

and for A < 1,

d]/lA d]/lA )

So, relative to the isotropic measure y, the measure 4 assigns more weight to the directions
aligned with eigenvectors g; for which A; > 1 and less weight to the directions aligned with

eigenvectors g; for which A; < 1.

Remark 5.4. For A € GL;(IR), the set
Eax={AT:0c5" 1}

is the surface of an ellipsoid in R4, However, while ¢ is the uniform distribution on Sd’l, the

pushforward measure o is not the uniform distribution on £4. This is illustrated for the two-

dimensional case in Figure for A = <1i2 1) . The left panel shows 36 equally spaced
points on the unit sphere, the arc segment between each neighbouring pair having probability
1/36 under 0. The map 6 — A6 sends these points to £4, with the arc segments between
consecutive points on the ellipse also having probability 1/36 under c4. Clearly, the image
points are not equally spaced along the ellipse: they cluster more tightly near directions aligned
with the eigenvectors of A" A that have eigenvalues greater than 1 (i.e., along the elongated
elliptical axis) and are more spread out near directions aligned with eigenvectors with small

eigenvalues (i.e., along the compressed elliptical axis).

For comparison, the right panel shows what the uniform distribution on £4 looks like. The
36 points on the ellipse are equally spaced along the ellipse, with each arc segment between
neighbouring points having probability 1/36 under Uniform(€4 ). Mapping these points to the
unit sphere via the map 8 — A~ '8, we can see that resulting distribution concentrates more
probability mass near directions aligned with eigenvectors with small eigenvalues than does 4.

Spelling out precisely how o4 relates to the uniform distribution on £4 by means of a Radon-
Nikodym derivative would require computing surface integrals of £4. This is non-trivial even
for d = 2,3. I refer the interested reader to Marples & Williams|(2024) for some results that may
prove useful for the three-dimensional case. &
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Sphere to ellipse Ellipse to sphere

Figure 5.1: The pushforward measure 04 is not the uniform distribution on
an ellipse. Left: The uniform distribution on the sphere pushed forward to
the ellipse using the map 6 ~+ A'0. Right: The uniform distribution on
the ellipse pushed forward to the sphere using the map 6 — A~ 6. In this

2 1
example, A = (1/2 1>.

5.3 Computational consequences

Equation [5.1 on page 38| reveals two ways in which the computation of sliced Wasserstein
distances between distributions subjected to a global affine transformation may be simplified.

Remark 5.5 (Translations are unnecessary). If researchers want to scale, whiten or otherwise
reshape the input distributions by means of a global bijective affine transformation, Equation
shows that it is not necessary to carry out the translation step: The sliced 2-Wasserstein
distance between the distributions of A(X — v) and A(Y — v) is the same as the one between the
distributions of AX and AY, for any matrix A of full rank and any vector v € RY. This shaves
off an admittedly cheap step from each transformation. &

Remark 5.6 (Time complexity of Monte Carlo simulations). Let My, ..., My € R"*¢ be matrices
representing the empirical input distributions. We wish to use Monte Carlo simulation to
estimate the pairwise sliced Wasserstein distances between these distributions after subjecting
them to a global affine transformation. To this end, we may compute

L
gz W3((M;A, 0;), (M;A, 0,))
=1

—2
SW,(M;A, MjA;6y,...,0,) =

with stochastically independent 1, ..., 8; ~ Uniform(S“~!) for some integer L. This is equiva-
lent to computing

1 L
T L Wi((M;, A7), (M), AT6y)).
(=1
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The time complexity of computing (M;A,6y) fori = 1,...,N, ¢ = 1,...,L, that is, of first
transforming the matrices and then computing the projections, is in O(Nnd? + NnLd): Each
of the N matrix multiplications is in O(nd?), and each of the N times L matrix-by-vector
multiplications is in O(nd). By contrast, the time complexity of computing (M;, A" 8,), i =
1,...,N, ¢ =1,...,L, that is, of first transforming the projection directions rather than the
matrices, is in O(Ld? + NnLd): For each projection direction, computing A" 8, is in O(d?), and
each of the N times L matrix-by-vector multiplications is still in O (nd).

Hence, if L is small relative to Nn, applying the transformation to the projection directions
instead of to the data matrices may speed up computations somewhat. In typical applications
L < Nn, so transforming the projection directions rather than the input distributions is almost
always preferable. That said, after implementing this suggestion, the overall time complexity for
computing STV\V§(MZ-A, M;A;0y,...,0r) foralli < jisin

O(Ld®* + LdNnlogn + LN*n),

where the second term is due to computing and then sorting (M;, ATBZ> €eR"fori=1,...,N,
¢ =1,...,L, and the third term is due to computing the sum of the squared element-wise
differences between these sorted vectors for 1 <i < j < Nand ¢ =1,...,L. In practice, the first
term will often be dwarfed by the other two. &

Remark 5.7 (On reweighting directions). Given independent Z1, ..., Z; ~ N;(0, 1;), the squared
sliced Wasserstein distance SW3(M;, M;) may be estimated as

L

Y Wi((M;, Zo/N|Z), (M, Zo /|| Z4 ).
(=1
If the realisations of (Z;)L_, as well as the distances (W3((M;, Z,/||Z,||), (M;, Zy/ 1Z, )5,
are kept available, the theoretical considerations suggest that they may be reused to more quickly
estimate SW3(M; A, M;A) for any A € GL4(R) by means of importance sampling using the
Radon-Nikodym derivative:

1 L

d
L L WM Z/ 120D, (M3, 20/ |24 2 (20)
=1

However, preliminary attempts failed due to numerical issues and an often dramatic reduction
of the effective sample size. I therefore leave a more systematic exploration of this topic as an
avenue for future work. O

5.4 Consequences for kernel learning

We have seen that transforming the input distributions by a global affine bijection corresponds
to a change of measure in the sliced Wasserstein computations. We now consider the effects of
this action on the downstream task of constructing a kernel from the resulting sliced Wasserstein
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distances. To this end, assume that we have estimated
SW3(AX;, AX;) /w2 X,AT0), (Y, AT0))do(6),

for random vectors X; ~ P; € Pz(le),i =1,...,N,and A € GL4(R).
When constructing the sliced Wasserstein kernel ksyy (-, -) with scaling factor s> > 0 and length-
scale t > 0, we observe that

ksw(AX;, AX)) = s> exp{ L SW3(AX;, AX; )}

2t2
5 5 (1 1

Any choice of a positive t # 1 thus corresponds to multiplying the input distributions by a
common factor. Equivalently, it corresponds to integrating W3((X;, AT6), (X;, AT6)) over 6 with
respect to the measure Uniform(t~189~1) or to using t ' A as the transformation matrix instead
of A.

In applications, the length-scale ¢ is typically a hyperparameter tuned using training data. If
the transformation matrix A = Zgyp Vg is learnt alongside #, we cannot uniquely identify A
and t as only the product # 1A, or more accurately: the product t "2AT A, matters. This suggests
that it would be sensible to normalise the transformation matrix A in such a way that g(A) =1,
for some scale ¢ : GL;(R) — (0, 0). The Radon-Nikodym derivative of y4 with respect to y
obtained earlier suggests the scale map

d
6(A) = |detA] = [[VA:
i=1

For this scale map, we may normalise A € GL4(IR) by computing A = |det(A)|~/4A. That
said, other maps may be useful, too (e.g., matrix norms). With such a restriction in place, learning
a suitable A amounts to learning the appropriate anisotropy and orientation of p4 relative to y,
whereas tuning t amounts to learning an appropriate scale.

5.5 Behaviour under extreme anisotropy

It seems intuitively appealing to use global affine transformations to upweight those directions
in the input distributions that are believed to be most informative for the downstream task of
predicting the outcome variable, while downweighting those that carry primarily noise. As the
present section will show, however, transforming the input data by an extremely anisotropic
affine transformation (even one aligned with the signal) carries a risk of shooting oneself in
the foot, as this can lead to degenerate sliced Wasserstein distances and, as a result, degenerate

kernel matrices.

5.5.1 Asymptotic considerations

Let us investigate the effects of the anisotropy of the transformation matrix A on sliced Wasser-
stein distances and the resulting kernels. For simplicity, we ignore any Monte Carlo variance,
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that is, we consider the distances SW3(AX;, AX;) and the kernel values k;; := ksw(AX;, AX;).
A further simplifying assumption is that X; ~ P; € Pg(]RZ) fori = 1,...,N. Moreover, we
consider a diagonal transformation matrix A: As our earlier results show, we may assume that
A = Zgyp VS(,D, with Xgyp diagonal and Vgyp an orthogonal matrix. By focusing on a diagonal
matrix A, we isolate the degree of anisotropy of the transformation encoded by Zgyp from its
orientation as encoded by Vgyp.

We will consider two scenarios. In the first, the transformation matrices considered have the
form A = diag(w, 1) for some a > 0. In the second, we consider transformation matrices A such
that g(A) = |det A| = 1, namely, transformation matrices of the type A = diag(\/a,1/+/) for
some « > 0.

Unnormalised transformation matrices. We first consider an unnormalised transformation
matrix A = diag(a, 1) for « > 0. It holds that

SW3(AX;, AX;) / W3((AX,,0), (AX;,0))do(6)
= /W2 w01 Xin + 02 Xip, 0(91Xj1 + 92X]'2)d0'(9)

6> 0>

Since 62,03 € (0,1) o-almost everywhere, it follows from Property 3 presented in Lemma
and the inequality (a + b)? < 242 + 2b? that, for all a > 1,

0
2 W3 (Xﬂ + 2

02 2 b2 o, \2 02 5 \2
relxizr Xj + M%ij) < 207 (IE((Xil + rglxiz) ) +E(Xj1 + —-Xj2)°)

wbq
2 2 2 0, \° 2
<407 | E(XZ+X7) + (= | B(Xh+X5)
j ) j
1
<4 (IE(XZl +X3) + - SE(X5 + X]22)>

<4 (]E(Xfl +X3) + ]E(X?2 + X}z))

4 (B(IX1P) +E(1%;]2))
G,

o-almost everywhere, with f Cdo(0) = C < 0. Further, due to the continuity of the Wasserstein

distance (see Lemma[2.3 on page 9),

0
W, (Xil + =

0>
a6, Xin, Xj1 + ij) — Wy (X1, Xj1)

0691

as & — oo. By the dominated convergence theorem, then, it follows that

lim SW3(AX;, AX)) = (lim o®) W3(X1, X;1) [ 63dor(0)

— (tim o2) WeEa.Xn),

eded]
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In the last step, I used a symmetry argument:

2 / 62do(0) = / 62do(6) + / 62do(6) = / 62 + 62do(6) = / 1do(6) = 1.

Hence, as « — oo,
0, if L(Xin)=L(Xj1),

SW3(AX;, AX;) —
oo, otherwise.

By the continuity of the kernel function, we thus find that

kij — 52[£(Xi1> = ,C(X] )]

as o — oo.

Assuming that £(X;) # L£(X;) whenever i # j, then, the sliced Wasserstein kernel matrix
degenerates towards s’Iy as & — co. At asymptote, the Gaussian process model will therefore
assign the mean of the training outcomes to the test distributions without picking up on any
signal. However, increasing the length-scale ¢ in lockstep with & would offset this degeneracy in
practice.

Let us now consider what happens when « | 0. Using the same techniques as above, we find
that, for all & € (0,1],

W3 (aby Xiy + 0, X, 061 X1 + 6,X75) < 4 (aze%]E(xfl +X2) + 03E(X3 + xfz))

<4E (X3 + X3 + Xp + X3

G

forall « € (0,1] o-almost everywhere. Hence, we may apply the dominated convergence theorem
to find that

lim SW3(AX;, AX;) = lim / WE(aby X1 + 02X, 001 X1 + 62X p)dor(6)
w0 0

= /W%(sziz, 02Xj2)do(0)
_ Wi(Xip, Xpp)
-

Thus, at asymptote, the resulting sliced Wasserstein kernel matrix will not be degenerate as « | 0.

It will, however, be sensitive only to distributional differences along the second dimension.

Normalised transformation matrices. We retain the setting from earlier but use a normalised
transformation matrix A = diag(1/a, 1/+/a). Analogous calculations show that

lim SW3(AX;, AX;) =

n—r 00

2

oo oo, otherwise.

(lim (X) W3(Xi1, Xj1) _ {0/ if £(Xi1) = L(Xj1),



5.5. BEHAVIOUR UNDER EXTREME ANISOTROPY 47

In contrast to when using an unnormalised transformation matrix, however, the rate of conver-
gence to degeneracy is linear in & rather than quadratic. Hence, choosing ¢ proportionally to /a
would offset the degeneracy in practice.

Similar calculations reveal that

W3 (Xp, X; 0, if £L(Xp) = L(Xp),
lim SW3(AX;, AX;) = lim <1> W2 (X, Xpp) _ (Xi) = L(X2)
o w0 A& 2 oo, otherwise.

In this case, choosing t proportionally to a~/2 would offset the degeneracy in practice.

5.5.2 Illustrations

In the remainder of this section, I simulate and analyse data under two scenarios. In the first, only
the first dimension contains a signal of the outcome variable; in the second, the first dimension
contains most of the signal of the outcome variable, but the second dimension contains some

signal, too.

Set-up. We consider (P;, )%, where
P; = Na(pi, I)
and

vi = f(pi ti2),

for a function f : RR2 — R that will be introduced shortly,i = 1,...,100. From each distribution
P;, a simple random sample with 200 observations is drawn. These observations are represented
in a matrix M; € R?%°*2. Given (M;,y;)?°, and (Mi)g%l, the aim is to predict ys1, . . ., Y100

The mean vectors yy, ..., 100 are drawn independently from Uniform((—7, 7)2). As for the
generation of the outcomes vy, . .., ¥100, two scenarios are considered. To this end, we define a

helper function

g:R—=R,

cos(2mx)—cos(mx) .
N - > if x 7£ 0,

0, ifx=0;

see Figure In the first scenario, the outcome data are generated as

yi = f(ui) == 1.5¢(pin);

in the second, they are generated as

i = £m) = (i) + 58 (1),
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Figure 5.2: The function g used to generate the outcome data.

i =1,...,100. That is, in the first scenario, the entire signal is contained in the distributions’ first
dimension; in the second, two-thirds of the signal is contained in the first dimension, and the

remaining third is contained in the second dimension.
For both scenarios, the mean vectors and the empirical distributions are generated ten times.

Each of the resulting ten data sets per scenario is analysed independently of the others.

Analysis. First, a baseline is computed by using the mean outcome in the training sample as

the prediction for all outcomes:
1 59

yi= 50 g}/j/
j=1

Second, Gaussian process models using sliced Wasserstein kernels were used. Specifically, the
kernel matrix was constructed as

K = (ksw(M;, Mj; A" 0y, ..., A" 050))1<i j<100,

for independent 04, ...,605 ~ Uniform(Sl) ; see Remark 5.6 on page 42| The transformation

matrix is constructed as
a 0
A=c(a
@ (0 1)

for x = 107,...,10°. Both unnormalised transformation matrices (with c(«) = 1) and norma-
lised transformation matrices (with c(a) = a~!/2) are considered. Further, the Gaussian process
models are fitted using both hyperparameter tuning as well as with fixed hyperparameters
1=10"%t=1,s2=1.

Finally, for each pair of matrices, I computed the kernel value
k(M;, Mj; ey, e2),

see Definition [3.13 on page 24| This kernel combines the information from both marginals into a
single kernel, potentially allowing the model to use both projection directions simultaneously.
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Figure 5.3: Mean and standard deviations of the root mean squared error
obtained in the first scenario in ten runs. The dotted horizontal line
around 0.55 shows the mean performance of a baseline model (training
mean imputation); the dashed horizontal line around 0.25 shows the mean
performance of a Gaussian process model based on Wasserstein distances
along the cardinal axes only.

The kernel was used in another Gaussian process model, whose hyperparameters s2,s3, 1, t, and

1% were tuned as explained in Remark[3.14 on page 26

Results. The results for the first scenario in terms of the root mean squared error are shown
in Figure The top left panel shows that, if the transformation matrix is not normalised and
the hyperparameters are not tuned, the model performs at baseline for large « and worse than
baseline for small «. This is consistent with our theoretical considerations: For large «, the kernel
matrix degenerates to a multiple of the identity, which would cause the Gaussian process model
to assign the training sample mean to the test observations, leading to at-baseline performance.
For small «, the kernel matrix does not degenerate but is dominated by noise instead.

The bottom left panel shows at-baseline performance for both small and large « when using a
normalised transformation matrix without hyperparameter tuning. This, too, is in keeping with
our finding that the kernel matrix degenerates to a multiple of the identity in both cases.

The panels on the right show that hyperparameter tuning offsets the kernel degeneracy for large
«, regardless of the way the transformation matrix was constructed. For small &, hyperparameter
tuning seems to be useful in the sense that it prevents worse-than-baseline performance. It is
also worth noting that the sliced Wasserstein kernels do not outperform a kernel based on the
Wasserstein distances along the cardinal axes.
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Predictive accuracy in Scenario 2
first dimension dominant

fixed hyperparameters tuned hyperparameters
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Figure 5.4: Mean and standard deviations of the root mean squared error
obtained in the second scenario in ten runs. The dotted horizontal line
around 0.42 shows the mean performance of a baseline model (training
mean imputation); the dashed horizontal line around 0.27 shows the mean
performance of a Gaussian process model based on Wasserstein distances
along the cardinal axes only.

Let us now turn to the results for the second scenario, shown in Figure 5.4, When the hyperpara-
meters are not tuned (panels on the left-hand side), the results are qualitatively similar to those in
the first scenario. When the hyperparameters are tuned, however, the model is able to leverage
the signal in the second dimension when « is small to beat the performance of the baseline model.
This stands in contrast to the first scenario, where no above-baseline performance was achievable
at small & even with tuning, since the second dimension carried no signal there. Upweighting
the first dimension by using larger &, however, improves performance, but there is again little
difference between using a moderately large a and an extremely large one. Again, the sliced
Wasserstein kernels do not outperform a kernel based on the Wasserstein distances along the
cardinal axes.

When model performance is evaluated in terms of the negative log predictive density (see page
B0), the results are qualitatively similar in both scenarios. The corresponding plots are available
from this thesis’ code repository at https://github.com/janhove/mscthesis/.

Conclusions. The simulations underscore the insights gleaned from the asymptotic analysis.
Without hyperparameter tuning, extreme values of a negatively affect predictive accuracy.
Hyperparameter tuning offsets the degeneracy found for large « values, allowing the model to
beat the baseline. For small &, hyperparameter tuning prevents worse-than-baseline performance
and may even help the model to beat it (in the second scenario). Of note, the use of normalised

and unnormalised matrices yielded essentially identical results when the hyperparameters were
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tuned, suggesting that such tuning is able to offset scale differences between both kinds of

transformation matrix.

However, the performance achieved by the models using sliced Wasserstein kernels did not
improve upon that of a kernel constructed using only the Wasserstein distances along the two
cardinal axes. This finding contrasts with the one obtained for the toy example in Chapter [4
The difference between both simulations is that in the present chapter, the signal is entirely
axis-aligned, whereas this was not the case in the previous chapter. A sum-of-kernels regression
model may therefore serve as a useful point of comparison when gauging the extent to which
the prediction is improved by considering the full distribution.

5.6 A real-data example

The explorations in the present chapter were spurred by my attempt to reanalyse a dataset
collected by [Eckermann et al.|(2021) using sliced Wasserstein distances. During this attempt,
I wondered if and how the input data should be scaled or whitened. In this section, I will
use Eckermann et al.’s dataset in order to illustrate the effects of scaling and whitening on a
prediction task using sliced Wasserstein distances. Moreover, this dataset serves as a further,
more realistic test case for gauging the added value of sliced Wasserstein distances over merely

using Wasserstein distances along the cardinal axes.

5.6.1 Data and objective

Eckermann et al.{(2021) studied the hippocampi of N = 20 deceased individuals with a view to
identifying architectural differences between the hippocampi of individuals with and without
Alzheimer’s disease. Their data extraction method is too complex to summarise here, but in
brief, each of the twenty hippocampi was represented by an 1; x 5 matrix, with the number of
rows varying from 2,748 to 37,348 (median: 17,069). Each row represents a neuron through the
following five measurements:

* its nucleus compactness, as operationalised by the median of the electron density in

the neuron. Compactness is not used in its mathematical sense here;
¢ the normalised variance of the electron density within the nucleus;
¢ the neuron’s volume in cubic micrometres;
¢ a measure of the nucleus’s sphericity;
¢ the number of neighbours, i.e., of other neurons within 13.5 pm of the neuron.

While [Eckermann et al.| (2021) were interested in differences between individuals with and
without Alzheimer’s disease, the goal that I will pursue is to assess to what extent the dis-
tributional information in the first four of these measurements can be used to retrieve two
scalar summary statistics based on the fifth one, namely (1) the 10% trimmed mean of the
number of neighbours for each hippocampus and (2) the entropy of the distribution of the
number of neighbours for each hippocampus. Denoting by py the proportion of neurons in a
given hippocampus for which the number of neighbours equals k, this entropy is computed as
— Y k>0 Pk log px, with the convention that 0log 0 = 0.
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5.6.2 Analysis

Data preparation. I first applied the same transformation and filtering steps as |[Eckermann
et al. (2021), resulting in a dataset comprising "2, n; = 344,420 neurons. Ten of the neurons
had negative compactness values. I removed these on the assumption that these must have
been caused by some transcription error, but their impact on the results below is presumably
negligible. Noticing that the volume variable spanned several orders of magnitude across the
matrices (from 35 to 19,958), I log, ,-transformed this variable.

For the prediction task, the input matrix M; € R"*# containing the n; compactness, density
variance, volume, and sphericity measurements for the i-th hippocampus’s neurons serve as the
input and are interpreted as representing an empirical distribution P;. Two scalar summaries of
the distributions of the number of neighbours will serve as outcomes: the 10% trimmed mean of
the number of neighbours observed for the i-th hippocampus, and the entropy of the distribution
of the number of neighbours observed for the i-th hippocampus.

Model assessment. Since the number of input matrices is small (N = 20), I used leave-one-
out crossvalidation (LOOCV) to assess the predictive utility of the modelling techniques used.
More precisely, the outcome for the i-th hippocampus was predicted by a model for which only
(M}, y;) i were used as training data. This also means that in order to generate a prediction
for the i-th outcome, the scaling or whitening matrices (see below) were constructed using the
matrices (M;);.; only. The predictions so obtained are referred to as out-of-fold predictions in

machine learning parlance.

Model fit was evaluated using the root mean squared error (RMSE) between the true outcome
values and the out-of-fold predictions. By way of a baseline, I used training set mean imputation.
Precisely, I computed
1
Vi = 15 LY
19 &
J#i
fori=1,...,20.

Additionally, I obtained the average negative log predictive density (NLPD) by computing, for
each outcome, its log density under a univariate normal distribution with the outcome’s out-
of-fold prediction as its mean and the outcome’s out-of-fold posterior variance as its variance.
These log densities were then averaged. In contrast to the NLPD values I computed earlier (see
B0), these NLPD scores do not take the joint distribution of the outcomes into account as only a
single datum was predicted for each crossvalidation fold.

Distance computation and kernel construction. Several distances between the input matrices

were computed.

First, I computed §\\'V§(Mi, M;; 01,...,0x0) forall1 < i < j < 20 in order to build the

corresponding kernel IAcsw(Mi, M;; 6y, ..., 0200). The same realisations of 04, ..., 0 iid. o were
reused for all sliced Wasserstein computations. I also computed Wasserstein distances along the
cardinal axes in order to build the kernel k(M;, Mj; e1,...,eq),1<i<j<20 (see Deﬁnitionm

on page 24)
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Next, I computed sliced Wasserstein distances between scaled versions of the input matrices.
More precisely, when predicting the i-th outcome, I computed a pooled estimate of the joint

~

covariance matrix of (P});; as
- 1 -~
%=1 Y Z(M;)),
j#i
where f(Pj) is the usual estimate of the covariance matrix of the j-th distribution based on the

empirical sample represented in M;. The input matrices were then scaled as
M, = M;S;,

with §; the diagonal matrix containing the multiplicative inverses of the square roots of the
diagonal elements of f.i, k=1,...,20. So while the i-th input matrix M; was scaled, the scaling
matrix was not learnt from it. Note that no centring was applied as the theoretical considerations
from this chapter showed them to be irrelevant for sliced Wasserstein computations. I computed
the Wasserstein distances between the scaled input matrices as §V\V§ (M;, M]- ; 5;61, ., SkT 0200)
in order to build the corresponding kernel for predicting y, k = 1,...,20. The Wasserstein
distances along the cardinal axes were not recomputed for the scaled input matrices since global
scaling merely amounts to picking a different length-scale for the Wasserstein kernel.

Finally, I applied global whitening transformations to the input matrices. Using the spectral
decomposition (and dropping the index for ease of exposition)

L=UAU',
two whitening matrices were defined as

Wyzca = UATV2UT,
WPCA —_ Afl/ZUT'

The whitening matrices Wzca-cor and Wpca.cor were defined similarly, but starting from the
estimated correlation matrix rather than the estimated covariance matrix. More precisely, we use

the spectral decomposition of the correlation matrix
sTlZst=vaAv'
and define

Wzcacor = VA2V TS
Wrcacor = A2V T8,

A fifth whitening matrix was defined as

1
Wcho =L,



54 CHAPTER 5. EFFECTS OF GLOBAL AFFINE TRANSFORMATIONS

where L is the lower triangular matrix resulting from the Cholesky decomposition & = LL".
Starting from T, the whitening matrices were constructed using the R package whitening
(Strimmer et al., [2022).

For the sliced Wasserstein distances, theory shows that the choice of the precise whitening
procedure is not important: While, for fixed 04, ..., 6299, §—V\V§(Mi, M;; w'e,,..., WTGZOO) is
not invariant to the choice of a whitening matrix derived from X, differences in the result are
due solely to sampling error. I therefore arbitrarily picked Wzcx as the whitening matrix and
only estimated the sliced Wasserstein distances as S/V\Vé (M;, M;; WZTC A0, W;C A0200). For the
Wasserstein kernels, however, all five methods were applied. That is, I constructed

k(Mi/M]',' WTel,...,WTe4),
1<i< ] < 20, foreach W € {WZCA/ Woea, Wzea-corr WpCA-cors WChol}-

The kernels so constructed were fed to separate Gaussian process regression models, one for
each kernel, for each outcome variable, and for each of the twenty folds. The hyperparameters
were tuned as explained in Chapter |3} separately for each kernel, for each outcome variable, and
for each of the twenty folds. Hyperparameter searches were initialised randomly fifty times.

5.6.3 Results

Figure 5.5 on the next page| plots the out-of-fold predictions for the twenty 10% trimmed means

for each modelling approach; the facet labels contain the corresponding RMSE and NLPD scores.
A baseline model that does not take into account the input matrices achieves an RMSE of 0.759.
The model based on the sliced Wasserstein distances between the raw input matrices does not
outperform this RMSE baseline; the model based on the sliced Wasserstein distances between
the scaled input matrices fares slightly better with an RMSE of 0.697. Whitening improves

performance more noticeably for the sliced Wasserstein kernel, resulting in an RMSE of 0.601.

Kernels based on the Wasserstein distances along the cardinal axes, labelled ‘marginal Wasser-
stein’ in the figure, tend to perform better in this example in terms of their RMSE scores. When
based on the raw input matrices, performance is modest at an RMSE of 0.654. However, whitening
using the ZCA-cor, ZCA or Cholesky approach roughly half this RMSE. Wasserstein kernels
based on PCA- and PCA-cor-whitened input matrices show in-between performance.

The NLPD scores likewise underscore the sensitivity of ‘marginal Wasserstein” models to the
whitening procedure: whereas Cholesky whitening results in an average NLPD of 0.26, PCA-cor
whitening results in an average NLPD of 1.64. This is worse than the NLPD achieved by any of the
sliced Wasserstein models and represents an improvement only over the ‘marginal Wasserstein’

model fitted to the raw input matrices.

Figure |5.6 on page 56| similarly shows the out-of-fold predictions for entropy outcomes. A
baseline model that does not take into account the input matrices achieves an RMSE of 0.165,

which neither the sliced nor the “marginal’ Wasserstein kernels based on raw input matrices are
able to beat. Scaling slightly improves the performance of the sliced Wasserstein kernel (RMSE:
0.153); whitening results in a further improvement still (RMSE: 0.126).
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Figure 5.5: Out-of-fold predictions for 10% trimmed means of the number
of neighbours by nine models based on different kernels. The facets are
sorted left to right, top to bottom, in order of descending root mean squared
error (RMSE). The root mean squared error of a baseline model that uses
the mean of the in-fold outcomes as the prediction was 0.759, meaning that
sliced Wasserstein kernel based on the raw input matrices could not beat
this baseline. The average negative log predictive density (NLPD) scores are

reported as well.
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Figure 5.6: Out-of-fold predictions for the entropy of the empirical distribu-
tions of the number of neighbours by nine models based on different kernels.
The facets are sorted left to right, top to bottom, in order of descending
root mean squared error (RMSE). The root mean squared error of a baseline
model that uses the mean of the in-fold outcomes as the prediction was 0.165,
meaning that both the sliced and marginal Wasserstein kernels based on the
raw input matrices could not beat this baseline. The average negative log
predictive density (NLPD) scores are reported as well.
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The effects of whitening are more pronounced for the ‘marginal” Wasserstein kernels, with
ZCA-cor-whitening resulting in RMSEs of 0.063 but the other whitening approaches trailing
noticeably.

Again, the sensitivity of the ‘marginal Wasserstein’ models to the whitening procedure is evident
in the NLPD scores. Among these models, ZCA-cor whitening achieves the best NLPD by some
margin (—1.28), whereas ZCA whitening results in the comparatively modest NLPD of —0.18. Of
note, the sliced Wasserstein model fitted to whitened inputs achieves a respectable NLPD (—0.57).

5.6.4 Conclusions

First, the results obtained on this more realistic dataset illustrate the effect that the global affine
operations of scaling and whitening have on the usefulness of sliced Wasserstein distances for
regression tasks: for both outcome variables, predictive performance was quite literally worse
than useless when using sliced Wasserstein distances between the raw input matrices. After
scaling, the sliced Wasserstein approach was able to beat the baseline; after whitening, the
improvement was more noticeable still.

Second, the results illustrate that the choice of the precise whitening method (shown theoretically
not to affect sliced Wasserstein distances) may matter quite substantially when using Wasserstein
distances along the cardinal axes. Unlike when using sliced Wasserstein distances, the orientation
of the whitened coordinate system affects the Wasserstein distances along its cardinal axes.

Third, like in the more artificial example in the previous section, the results of the current section
demonstrate that a modelling approach based on the sum of kernels derived from Wasserstein
distances along the cardinal axes can compare favourably to a sliced Wasserstein approach. The
insights from this and the preceding chapters suggest that this is because the relevant signal lives
approximately along one or more of the cardinal axes in the (whitened) coordinate system.

5.7 Conclusions

The central theoretical insight presented in this chapter is that global affine transformations of the
input distributions amount to a distortion of the measure on the unit sphere in the integral that
defines the sliced Wasserstein distance. This distortion is characterised by a Radon-Nikodym
derivative that depends only on AT A, and not on the transformation matrix A itself or on
any global translation. In practical terms, this means that analysts wishing to apply a global
whitening transformation do not need to consider the pros and cons of different whitening
strategies: up to sampling error, they all give rise to the same sliced Wasserstein distances. This,
importantly, is not the case for Wasserstein distances computed along individual directions; the
real-data example illustrates that the choice of whitening procedure can substantially affect the
usefulness of such distances.

An asymptotic analysis further showed that extremely anisotropic transformations cause un-
informative or degenerate kernels. Hyperparameter tuning can be used to combat these effects.
A practical recommendation is to always tune hyperparameters when applying anisotropic
transformations so as to avoid degraded performance.
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The simulations also revealed that, when the signal is axis-aligned, kernels based on Wasserstein
distances along the cardinal directions can match or outperform sliced Wasserstein kernels.
The real-data example corroborated this finding, which motivates the use of such kernels as a

benchmark in future work.



Chapter 6

Conclusions and outlook

I set out to answer these two questions (see page[2):

1. Can examples be identified in which the combination of sliced Wasserstein distances
and Gaussian process regression substantially outperforms natural alternative
approaches even outside of the graph domain covered by |Carpintero Perez et al.
(2024], 2025)?

2. Rescaling a single dimension can drastically alter pairwise sliced Wasserstein
distances, making them scale-sensitive in a way that many vector-based methods
are not. How should analysts preprocess distributions to address this sensitivity,
and can predictive accuracy be improved by deliberately rescaling informative

dimensions?

As Chapter [f has demonstrated, the answer to the first question is ‘yes’: If the marginal distribu-
tions are ambiguous as to the outcome variable but the joint distribution is not, the combination
of sliced Wasserstein distances and Gaussian process regression handily outperforms natural
alternatives based on the marginal distributions. That said, the examples in Chapter [§illustrate
that, in other situations, this same combination can struggle to perform on par with approaches
based only on marginal distributions.

This observation suggests that it may be useful to consider both differences between the input
distributions” marginals as well as differences between their copulas. One concrete way to
achieve this would be to build kernels based on Wasserstein distances between the marginal
distributions and to supplement these with a kernel that quantifies differences between the input
distributions’ copulas, for instance by converting the marginals to uniform distributions before
computing sliced Wasserstein distances. Such an approach may enable analysts to pinpoint
more accurately which aspects of the input distributions carry the predictive signal, which could
allow them to expend modelling and computational effort in a more targeted way: After all, if
the signal is contained almost entirely in a handful of margins, it seems wasteful to evaluate
distances to new inputs along redundant directions. Of course, the statistical and mathematical
implications of this proposal would have to be studied in earnest, too.
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As for the second question, Chapter [5|showed that the effect of global affine transformations of
the input distributions on sliced Wasserstein distances amounts to a distortion of the measure
on the unit sphere. For an affine transformation x — Ax + b, with x, b € RY, A € GL;(R), this
distortion depends solely on AT A, not on A itself. A practical consequence of this is that, when
whitening the input distributions, the precise choice of whitening procedure does not affect the
resulting sliced Wasserstein distances. The asymptotic analyses in this chapter also showed
that extremely anisotropic affine transformations of the input distributions lead to degenerate
kernel matrices, even if they emphasise the linear subspaces that carry the predictive signal.
Appropriate hyperparameter tuning offsets this effect.

To wrap up this thesis, I outline some avenues for future research that may make for interesting

Master’s thesis topics.

The first concerns the role of the kernel function to which the (sliced) Wasserstein distances
are fed. I only considered kernels based on the Gaussian radial basis function; an analysis of
the usefulness of other kernel functions, such as the power exponential and Matérn covariance
functions, would be a natural next step. Moreover, it remains to be seen if there are circumstances
in which the computationally more demanding kernel kusw (see page is more useful for
predictive modelling than is ksyy.

We have seen that a global affine transformation of the input distributions by means of a matrix
A € GL4(R) corresponds to a distortion of the measure in the integral in the definition of
the sliced Wasserstein distance. The second avenue for future work concerns the questions of
whether and how a suitable matrix A can be learnt efficiently from the training data. Relatedly, I
did not have any success in using importance sampling to obtain an estimate of SW5(M;A, M;A)

from (W3 ((M;, 0,), (M;, 6g>))§:1 (Remark|5.7 on page 43). But a more targeted analysis may yet
yield some useful insights.

Finally, throughout this thesis, the focus has been exclusively on solving regression problems by
means of Gaussian process models. An exploration of how Wasserstein and sliced Wasserstein
distances can be used to solve classification problems and how they can be incorporated in other
regression models would naturally extend the results developed in this thesis.
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